BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF IN THE WHOLE SPACE: 
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Abstract. This is a continuation of our series of works for the inhomogeneous Boltzmann equation. We study qual- 
itative properties of classical solutions, precisely, the full regularization in all variables, uniqueness, non-negativity 
and convergence rate to the equilibrium. Together with the results of Parts I and II about the well posedness of the 
Cauchy problem around Maxwellian, we conclude this series with a satisfactory mathematical theory for Boltzmann 
equation without angular cutoff. 
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1. Introduction 

Following our series of works J9j[10), extending results from J7][8), this Part III is concerned with qualitative 
properties associated with solutions to the Cauchy problem for the inhomogeneous Boltzmann equation 

(1-D ft + v-V x f = Q(f,f), /Uo = /o. 

We refer the reader for the complete framework, definitions and bibliography, to our previous papers 191 [TUI . 
General details about Boltzmann equation for non cutoff cross sections can be found in 0] [13] [37] . Let us just 
recall herein that the Boltzmann bilinear collision operator is given by 

Q(8,f)= f f B{v-v„o-){g'J' -g,f}d<rd V », 

Jr 3 Js 2 
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where /„' = f(t, x, v' t ), f = f(t, x, v'), f* = f(t, x, v»), / = f(t, x, v), and for cr e S , the pre- and post-collisional 
velocities are linked by the relations 

, v + v* |v-v*| , v + v, |v — v.| 

v - — ^ 1 ^ — <r> v * = — ^ — cr . 

2 2 2 2 

The non-negative cross section fi(z, cr) depends only on |z| and the scalar product A ■ cr. As in the previous 
parts, we assume that it takes the form 

5(|v-v,|,cos6l) = 0(|v-v,|)6(cos6), cos 6 = V ~ V * ■ cr , O<0<-, 



Iv-vJ - "2' 



where 



(1.2) <D(|z|) = O r (|z|) = \z\ y , b(cos&) * Q- 2 - 2 " when -» 0+, 
for some y > -3 and < 5 < 1. 

In the present work, we are concerned with qualitative properties of classical solutions to the Boltzmann 
equation, under the previous assumptions. By qualitative properties, we mean specifically regularization prop- 
erties, positivity, uniqueness of solutions and asymptotic trend to global equilibrium. 

Let us recall that in a close to equilibrium framework, the existence of such classical solutions was proven 
in our series of papers ||9][T0) and using a different method, by Gressmann and Strain l22l |23l l24l . We refer 
also to 1 1 1 1 for bounded local solutions. 

The first qualitative property which will be addressed here is concerned with regularization properties of 
classical solutions, that is, the immediate smoothing effect on the solution. For the homogeneous Boltzmann 
equation, after the works of Desvillettes QU El ODD, this issue has now a long history 01 HI fl4l [191 l26l l28l l29l 
[34). All these works deal with smoothed type kinetic part for the cross sections, which therefore rules out the 
more physical assumption above, that is, including the singular behavior for relative velocity near 0. We refer 
the reader to our forthcoming work JT2 ] for this issue. 

Regularization effect for the inhomogeneous Boltzmann equation was studied in our previous works |6][8), 
but for Maxwellian type molecules or smoothed kinetic parts for the cross section. Nevertheless, we have 
introduced many technical tools, some of which are helpful for tackling the singular assumption above. In 
particular, by improving the pseudo-differential calculus and functional estimates from ||6][8l, we shall be able 
to prove our regularity result. 

We shall use the following standard weighted Sobolev space defined, for k, ( € R, as 

H( = flftR?) = If 6 S'(Rl); W t f € H k (R 3 v )} 

and for any open set Q c Rj 

Hf(Q x Rl) = {fe D'(Q x R^); W e f e H k {Q. x R^)} 

where W((v) = (v) f = (1 + |v| 2 )^ 2 is always the weight for v variables. Herein, (•, -) L i = (•, Ol 2 (rJ) denotes the 
usual scalar product in Lr = L 2 (R 3 ) for v variables. Recall that 1? ( = H®. 

Theorem 1.1. Assume dl.2t holds true, with < s < 1, y > max{-3,-3/2 - 2s), < T < +oo. Let Q 
be an open domain ofR 3 x . Let f € L°°([0, T];H^(Q. X R 3 )), for any I 6 N, be a solution of Cauchy problem 
( 11. lb . Moreover, assume that f satisfies the following local coercivity estimate : for any compact K c £1 and 
< T\ < T2 < T, there exist two constants 770 > 0, Co > such that 

(1.3) - (Q(f, h), h) L 2 m > 77oPII^ /2(M7) - CoPH 2 , /2+!(R7) 

for any h e CjjQTi, T 2 [; C™(K\ H+°°(R 3 ))). Then we have 

fe C°°(]0,r[xQ;5(R 3 )). 

Classical solutions satisfying such a local coercivity estimate do exist l9l [Toll , see Corollary 12. 151 in next 
section. 

Our next result is related to uniqueness of solutions. We shall consider function spaces with exponential 
decay in the velocity variable, for mel 

£™(R 6 ) = (g€ £>'(R 6 c ,,-) ; 3 P > sX - eP<v> ~8 6 i°°(R 3 t ; 
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and for T > 

£ m ([0, T] x R* v ) = {/ € C°([0, T]; £>'(R* ,,)); 3p > 

s.t. gP^ 2 / € L°°([0, r] x Rj; fl™(Rj))}. 

Theorem 1.2. Assume that < 5 < 1 and max{- 3, -3/2 - 2s) < y < 2 - 2*. Let f > and/o 6 £q(R 6 ). Lef 
< T < +oo anc/ suppose that f € £ 2s ([0, T] X R*J ) is a non-negative solution to the Cauchy problem ( 11. II ). 
Then any solution in the function space £ 2s ([0, T] X R^ „) coincides with f. 

Remark. 

1 ) Note that the solutions considered above are not necessarily classical ones. Moreover, Theorem U .2\ does 
not require the coercivity. On the other hand, if we suppose the coercivity, then we can get the uniqueness in the 
function space £ s ([0, T] X R*J „), without the non-negativity assumption, see precisely Theorem \4.1\ in Section^ 

2) We can also remove the restriction y + 2s < 2, if we consider the small perturbation around Maxwellian, 
see precisely Theorem U. 3\ in Section^ 

3) Finally, in the soft potential case y + 2s < 0, we can refine the above uniqueness results which can be 
applied to the solution of Theorem 1.4 o/" f9j> $ ee precisely Theorem \4.4\ in Section^ 

Our next issue is about the non-negativity of solutions. We shall use the following modified weighted 
Sobolev spaces: For k e N, I e R 

^(R 6 ) = {/e5'(R^ v ); 11/11^= £ Wt-^ftv m < +°° } , 

\a\+]/3\<N 

where W f = (1 + |v| 2 ) |s+ ? /2|f/2 . 

Combining with the existence results of J9][l0) and the above Theorem ll.2l one has 

Theorem 1.3. Let < s < 1, y > max{-3, -3/2 — 2s), k > 6. There exist sq > and (q such that the Cauchy 
problem d 1 - 1 b admits a unique global solution f — p + p 1 ^ 2 gfor initial datum /o = p + p 1 ^ 2 go satisfying 

1) g e L°°([0, +oo[; //* o (R 6 ))), ify + 2s>0 and \\go\\ H ^) < so- 

2) g e L°°([0, +oo[; #*(R 6 )), ify + 2s<0 and \\go\\^ m < e . 
tffo = A* + A* 1 ' 2 go ^ 0, then the above solution f — p + p}^ 2 g > 0. 

Remark. The existence of global solution was proved in 191 I10II . while the uniqueness follows from Theorem 
17.21 more precisely Theorem U. 3\ in Section^ 

One of the basic issues in the mathematical theory for Boltzmann equation theory is about the convergence 
of solutions to equilibrium. This topic has been recently renewed and complemented by proofs of optimal 
convergence rates in the whole space, see for example |20l |2"T1 [27l [37l [38l and references therein. This is 
closely related to the study of the hypocoercivity theory that is about the interplay of a conservative operator 
and a degenerate diffusive operator which gives the convergence to the equilibrium. Note that this kind of 
interplay also gives the full regularization. 

For later use, denote 

N — span{p? ,p?Vi,pi\v\ , 1,2,3), 

as the null space of the linearized Boltzmann collision operator, and P the projection operator to N in L 2 (Rj). 
For the problem considered in this paper, we have the following convergence rate estimates. 

Theorem 1.4. Let < s < 1 and f — p + p}^ 2 g be a global solution of the Cauchy problem ( 11.11 ) with initial 
datum /o = p + p 1 ^ 2 go. We have the following two cases: 

1) Let y + 2s>0,N>6,{> 3/2 + 2s + y. There exists e > such that '/llgoll 2 ^.^^ + ll^oll^ (R6) < so and 
g € L°°([0, +oo[ ; H?(R 6 )), then we have for all t > 0, 

\\ 8 (ml Hm = \\pg(t)\\ 2 LHm + lid - P)s(t)t m s (i + r 3/2 , 

and 

J] \\d a Pg(t)\\ 2 L2(R6) + J] W(i - P)g(t)\\ 2 L2(R6) < (i + ty 5 ' 2 . 

\<\a\<N \a\<N 
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2) Let max{-3, -| - 2s) < y < -2s, N > 6,€ > N + 1. There exists Sq > such that ifWgo^u^ ^ So an d 
g e L^dO, +oo[ ; ^(R 6 )), then we have for all t > 0, 

sup \\g(f)\\ z HN _ 3m?) < (1 +0" 1 . 

xeM? 

We emphasize that the above convergence rate for the hard potential case is optimal in the sense that it is 
the same for the linearized problem through either spectrum analysis in 1321 . or direct Fourier transform using 
the compensating function introduced in l27l . However, the convergence rate for soft potential is not optimal. 
In fact, how to obtain an optimal convergence rate even for the cutoff soft potential is still an unsolved problem 

123123. 

We also would like to mention that the above convergence rate is for the whole space setting. If the problem 
is instead considered on the torus with small perturbation, then the exponential decay for hard potential can 
be obtained, and this point is a direct consequence of the energy estimates given in iflOl by using Poincare 
inequality (this is for example the case considered in |23l ). 

Before presenting the plan of the paper we want to give some comments on our proofs. First of all, our proof 
of regularization property applies to the classical solutions obtained in l9l [l0l . Note that from those existence 
theorems, one can show that if the initial data satisfying Hgolln* ^ Q f° r k > 6 and / > Iq for some Iq, the 
solution is also in H k when et is small. However, the current existence theory does not yield that g € H k+N , 
under the condition that go e H k+N for N > if ||go is n °t small. Therefore, we can not just mollify the 
initial data to study the full regularity by working formally on the smooth solution. Instead, we need analytic 
tools from peudo-differential theory and harmonic analysis to study the gain of regularity rigorously. In fact, 
it is a standard technic for the hypoellipticity of linear differential operators l25l 30, 31). The same comments 
apply for the uniqueness and positivity issues for which we give also rigorous proofs. 

The paper is organized as follows. In Section [2] we give the functional analysis of the collision operator, 
including upper bounds, commutators estimates and coercivity. In Section[3] we prove Theorem l 1.11 giving the 
regularization of solutions. Section [4] is devoted to precise versions of uniqueness results related to Theorem 
11.21 while Section[5]proves the non-negativity of solutions. Finally the last Section proves Theorem l 1 .41 about 
the convergence of solutions to equilibrium. 

Notations: Herein, letters /, g, ■ ■ ■ stand for various suitable functions, while C, c, ■ • ■ stand for various 
numerical constants, independent from functions /, g, ■ • ■ and which may vary from line to line. Notation 
A < B means that there exists a constant C such that A < CB, and similarly for A > B. While A ~ B means that 
there exist two generic constants C\, Co > such that 

C X A <B< C 2 A. 

2. Functional analysis of the collision operator 

In this section, we study the upper bound and commutators estimates for the collision operator Q( ■, ■ )■ Since 
it is only an operator with respect to velocity variable, in this section, our analysis is on Rj, forgetting variable 
x. In what follows, we denote <J) y by <J> r (z) = (1 + \z\ 2 ) 7 ^ 2 - 2o r w ^ denote the collision operator defined with 
the modified kinetic factor <D r . 

2.1. Upper bound estimate. ForO <s<lje R, we proved the following upper bounded estimate (Theorem 
2.1 of 0) 

(2.D \(Q« y (f,g), m < ii/ii^ji^ii^ji^iiHr . 

for any m, t € R, and the estimate of commutators with weight (Lemma 2.4 of Q) 

(2.2) \(Wt e*(/, g) - Q 6 (f, W ( g), h)\ < \\f\\ Ll \\g\\ H a,-^ \\h\y , 

for any i 6 R. 

For the singular type of kinetic factors considered herein |v - v»| r , we need to take into account the singular 
behavior close to 0. Therefore, we decompose the kinetic factor in two parts. Let < (p(z) < 1 be a smooth 
radial function with value 1 for z close to 0, and for large values of z. Set 

%{z) = %(z)0(z) + O r (z)(l - <t>{z)) = O c (z) + <&c(z). 
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And then correspondingly we can write 

Q(f,g) = Qc(f,g) + Q-c(f,g), 

where the kinetic factor in the collision operator is defined according to the decomposition respectively. Since 
<Dg(z) is smooth, and <t> ? (z) < <I> y (z), Q c (f,g) has similar properties as for Qq, y (f,g) as regards upper bounds 
and commutators estimatations, which means that (12. U and (12.2b hold true for Q- C (f, g)- 

From now on, we concentrate on the study the singular part Q c (f, g), referring for the smooth part Qcif, g) 
to (6). Note that in (9], the same decomposition was also used, but for the modified operator T(f, g). Here, the 
absence of the gaussian factor slightly adds some more difficulties. 

Proposition 2.1. Let < s < \,y > max{-3, -2s - 3/2} and me [s - 1, s]. Then we have 

\{Qc{f,g)Jl)\<\\f\\ L A\g\\H*A\h\\H^. 

Remark 2.2. As will be clearer from the proof below, the following precise estimates are also available: if 
y + 2s > 0, we have 

\(Qc{f,g),h)\<\\f\\o\\g\\H-A\h\\w-»<- 
and moreover ify + 2s > — 1, we have 

\(jQJf,8)ih)\^\\f\M]g\\H M \W\H^. 

For the proof of Proposition 12. II we shall follow some of the arguments form |9|. First of all, by using the 
formula from the Appendix of |2j, and as in |9|, one has 

(Qdf, g), h) = fff &( Jj ■ tr)[4 c (& - n ~ <i> c (&)]/(&)£(£ - {*)W)dmdo-. 
= fff ■■■ d£d^dtr + fff ■■■ dgdij.do- 

JJJ|f-|<I<f»> JJj\t\>\(£,) 

=A l (f,g,h) + A 2 (f,g,h) . 
Then, we write A 2 (f, g, h) as 

m = fff ■ <r)i rM<fi> «te - nf&m - z*)fc£)dtd&do-. 

- fff Kj| ■ ^)VN<f, - {,)W)dmdo- 

= A 2A (f,g,h)-A 2 , 2 (f,g,h). 
While for A i , we use the Taylor expansion of <1> C at order 2 to have 

M =A u (f,g,h)+A h2 (f,g,h) 

where 

M,i = fff bf ■<y&c)(£.)ir ls te ) f{€.m Ja, 

and A\o(F, G, H) is the remaining term corresponding to the second order term in the Taylor expansion of <b c . 
The Ajj with i,j - 1,2 are estimated by the following lemmas. 

Lemma 2.3. We have 

|Al,ll + \Ai,2\ <; H/lbl|/||H-PllH- . 

Proof. Considering firstly Ai_i, by writing 



we see that the integral corresponding to the first term on the right hand side vanishes because of the symmetry 
on SS 2 . Hence, we have 

A u = ff K(£, &)mm ~ t*)Kt)dtdt« , 
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where 



Note that |V6 C (^*)| < - 3 ' m , , from the Appendix of (9). If V2|£| < <&>, then |<H < <£,)/2 and this imply the 
fact that < # < 7r/2, and we have 

-n/2 



W Jo ©> 3+ ' +1 <&>M<&>/ 



On the other hand, if ^\%\ > <£,), then 



Hence we obtain 



w<f,)/(2|f|) _ ^ j / ^ \2s-l 



Jo 

(2.3) < ^y3T7 1 (^^") 1 V2| f |<< # ,> + 1 V2|^|><^>>|^/2 + (^^") ^Ifl/ 2 ! 



Notice that 
(2.4) 



(0 £*> on supp l (f>> > ^ 

<£> ~ - £*> on supp l< f ,><| f |/2 

<f> ~ <&> > <f - f.) on supp 1 V2| f |>< f .>>|f|/2 ■ 

Replacing the factors <£>/<£,> and «£>/<£«» 2s on the right hand side of (|23]) by 



and 



respectively, we obtain 

(2.5) 5 — — V-^r — + — s <^*>^-> - ^ t ) s 

v y 1 vs>^*/i~ ^ ^3+y+2.s ^ yi+y+s-m^ _ ^ y+m x '' x ' s ' 



Putting |© = <^) I+ffl f (£), ft© = (£y- m h(i?), we have by the Cauchy-Schwarz inequality 



Since (f,) <3+y+2j) g L 2 , the Cauchy-Schwarz inequality again shows 

i R 3 <£) 



Jr 3 <£*} ' ' 



Note that 

1 



l<f-fr)<fc> I 3+2 , ;+2m if s + m<3ll 

V?- W ( log©} if s + m > 3/2. 

2 
L 2 



Since 3 + 2(y + 2s) > and 6 + 2y + 2{s - m) > 0, we get T) < ||/|| 2 2 , which concludes the desired bound for 
A L1 . 

Remark that if y + 2s > then we obtain Ai.il ^ W\\v \\G\\ H '*A\H\\h^ because \\P\\ L » < \\F\\ L u If > 
y + 2s > -3/2 then we can just estimate Ai.il 5 IFIIl 2 I|G|Ih ! +»'II^IIh'-'»- If > y + 2s > -1 then |Ai,il < 
IFIb/2||G|| H »|l#llff»- Those follow from the Holder inequality and \\F\\ L „ < \\F\\ U with l/p + l/q = 1. 

Now we consider A i 2(/, g, h), which comes from the second order term of the Taylor expansion. Note that 

A 1,2 = fff ■ a) jT rfr(V 2 0) e )© - Tf) ■ r ■ CH&Git - ^)^)dcrd^ t . 
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Again from the Appendix of (9), we have 

1 1 



i(v^ c )(^-rr)i< 



<6-r6> 3+r+2 ~ <6> 3+r+2 ' 

because 161 < (6)/2- Similar to Aii, we can obtain 



where AT(6 6) has the following upper bound 

r minW2, 7T<f„)/(2|fD) 

(2.6) £(66) £ e l - 2s de 

Jo 



3+y+2 



<6>' 

< 1 li^W + i J^fi 1 



from which we obtain the same inequality as ( 12.51 ) for K(g,g t ). Hence we obtain the desired bound for Ai j2 . 
And this completes the proof of the lemma. □ 

Lemma 2.4. We have also 

IAa.il + \A 2 , 2 \ < ILflbll/llH-IWlH- ■ 

Proo/ In view of the definition of A 2 , 2 , the fact that |£| sin(0/2) - 161 > <6>/2 and 6 e [0,7r/2] imply 
V2|£| > (6)- We can then directly compute the spherical integral appearing inside A 2,2 together with O as 
follows: 

(2 . 7) . ^ (f ., lrHl ,^ < _l_^ lv!Bi(fJ 

<f) J "'"<^-^) J+m + lg-^><<f,> (£) s - m (£ - £ ) s+ '» 

which yields the desired estimate for A 2i 2- 
We now turn to 

a 2 ,i = jjj bi rHi ^ c {^-nmm-^S{^do-d^,. 

Firstly, note that we can work on the set 6 • 61 > 5 16 1 2 - In fact, on the complementary of this set, we have 
16 ■ 61 ^ ?iri 2 so that 16 -61 £ 161. and in this case, we can proceed in the same way as for A 22 . Therefore, 
it suffices to estimate 

Ai Xp = ffj b l r i>i <f ,>% . f -|>n f -|A(6 - 6)/(6)£(f - 6)&^6 ■ 

By 

1 = l<f,>>|f|/2l(f-f,)<(f.-f-> + l«,)>|fl/2l(f-f,)>(f,-r> + %><lfl/2 

we decompose 

4 ol -4(1) ,4(2) +4(3) 

On the sets for above integrals, we have <6 -6) ^ <6>. because 161 < 161 that follows from |6I 2 < 2|6 '61 £ 
161 161- Furthermore, on the sets for Ajj^ and Aj 2 ^ we have (6 ~ (6)> so that sup(fr l|f-|>i<£„>l(f.>>|£|/2) ^ 
l|f-|<ia/ anc ' ^* _ 6) ^ (6' Hence we have, in view of s - m > 0, 

a) 2 , rrr i6 c (6-6)i 2 iA6)i 2 i<^> t; > ^^ 
2,1,p JJJ <6-6> <?-?.> 
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If y + 2s > then by the change of variables - £ ->uwe have 



J J (w) 



<w> z 

<FII1 1 ||G||^„||//||^„,. 



If y + 2s > -3/2 then with w = - £ we have 

v+2s—2m) I 



*ii/ii«ii*iii».piii«, 



because af£ ~ of£ + on the support of l|<r-|<|t|/ ^2 ■ ^ n tne case J + ^- s > ~ 1 * by the Holder inequality and the change 
of variables « = we have 



2/3 



1/3 



*TO,»II*IIh«.IIAI&« 

I (2) 



As for J we have by the Cauchy-Schwarz inequality 



<f.-rr 



Since we have 



JJ <&-r> 2s 



ll/lli, if r + 2^>o 

ify + 2*>-3/2, 
||/|| L3 /2 if y + 2j>-l, 



(2) 

we have the desired estimates for A, j . 

On the set Aj 3 } we have (f) ~ (£ — Hence 



JJJ Vfei«.> — -^fs — ■ 

We use the change of variables in m = £, - Note that > ±<m + implies \%~\ > (u)/ VlO. If 
y + 2s > then we have 

rr,, ite-r)ii/(^)L f(\z\\ 2s , N - (3+r)m -2^ 

JJ fo VM<f.> ^21 rfo "^* ~ J < M > ^ rfM 
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On the other hand, if y + 2s > -3/2 (orO > y + 2s > - 1 ) then this integral is upper bounded by 



JJ b Vl>t(f.) „9,/„. T-T7J7, TZ^TTr, dcr <%* 



l /* / /,» mo \V 



jll/r, 

where l/p + l/q — l,p — 2 ( or p — 3/2). Hence we also obtain the desired estimates for A^ l . The proof of 
the lemma is complete □ 



Proposition ^. 1 l is then a direct consequence of Lemmas |2 . 3 1 and 12741 while the statements of Remark |2T2| are 
mentioned in the proof of the two previous lemmas. 

2.2. Estimate of commutators with weights. The following estimation on commutators will now be proved. 
Because of the weight loss related to the Bolzmann equation, test functions involve these weights, and therefore, 
this estimation is quite necessary. 

Proposition 2.5. Let < s < l,y > max{-3, -2s - 3/2). For any {,f3, 8 e R 

\{WcQc(f,g) - Qctf.Weg), h)\ < II/IIl^II^II^-^II^II^. 

The next two lemmas are a preparation for the complete proof of this Proposition. 
Lemma 2.6. If A < 3/2 then 

(2.8) ff |/(v.)| p^-dvdv, < \\fM\gfo. ■ 

1/3/2 <A<3 then 

ff l/(v*)l T^xdvdv* < \\f\\ L 4g\L H ■ 

Proof. Since [v,[ -yl l|v,|<i e L 2 for A < 3/2, it follows from the Cauchy-Schwarz inequality that if A < 3/2 then 
ff m-r^-zdvdv.Z f\g\ 2 ( f \v-vA- u dv,j'\ f\fA 2 dv,f 2 dv 

JJ\v-v,\<l \V-V*\ A J V J|v-v»|<l ' V J ' 

<\\f\y\\g\\%. 

It follows from the Hardy-Littlewood-Sobolev inequality that if 3/2 < A < 3 then 

ff T^-a dvdv * * Il/H^ 2 Ws 2 \\u with - = | - \ < 1 

JJ|v-v,|<i \v-v*\ P 2 3 

< ll/lb irf , 3 

because of the Sobolev embedding theorem. □ 
Lemma 2.7. Let < s < 1 a«af y > max{-3, -2s - 3/2}. Then 

JJJ b® 7 c \f(v*)\\g(v)-g(v')\ 2 dvdv»do-Z ||/|b ||*|||.. 

Proo/ Note that 

(G^I/UXs) = - 5 Jjf ^l/.llg-gf^Mcr 



+ 2 



2" UJ /? °" l/ * 1 ^' 2 " s 2 ) dvdv * d(T ■ 
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Since Proposition 12 . 1 1 with m = is applicable to the left hand side, it suffices to consider the second term of 
the right hand side. It follows from the cancellation lemma of [2 1 (more precisely the formula (29) there) that 

fff b<S> 7 c\M(g' 2 - g 2 )dvdv,dcr = J \f(v t )\S(v-v*)g(v) 2 dvdv t , 

where 

S (v - v,) =<D r (v - v.)0(v - v t )(2n jT ' b(cos 9) sin ^-^-L^ - 1 J do) 

s/„ r /2 &(cos0)sin0 / / v-v. x , s \ , \ 
+ <5 T (v - v»)(2n — t <*( — )-0(v-v,) Ue). 

The integral of the second term on the right hand side can be written as (j>(\> - v„) whose support is contained in 
{0 < |v - v*| < 1). Since s > -y/2 - 3/4, the estimation for the first term just follows from Lemma [2~6*l because 
the case y = —3/2 can be treated as y - s for any small s > 0. □ 



■jar- 



Proof of Proposition ^. 51 We write 

(w, Q e (f, g) - Qc(f, W e g), h) = fff M> c f.g'{Wt(y) - W t (y'j)hdvdv*do- 

b<S> c (w t (V) - W ( (v))f t g'h'dvdv*dcr 

jjj b® c (w t (v') - W(v))/.(* - g')h'dvdv,da 



+ 

=J\ + J: 

Set v T = v + r(v' - v) for re [0, 1] and notice that 



\W ( (v') - W ( (v)\ < f W C -i(v T )dT\v - v.| sin(0/2) . 
Jo 

On the support of </>(v - v») we have for a large C > 

<v.) < \ + i(|v.| - |v - v.|) < i + i(|v.| - |v T - v.D < <v T > 
< 1 + |v*| + |v T - v»| < 1 + |v»| + |v - v.| < <v«> , 
so that (v T ) ~ (v.) ~ (v) ~ (V). The Cauchy-Schwarz inequality shows 

|7 2 | 2 < JJJ Mcos6')sin 2s+2£ (0/2)(]>r 2 1<v«)^ 1 ^7*IKv') <s /z'| 2 ^v«rfcr 

x ( jjj b(cos 8) sin 2 - 2 ' 5 - 2£ (6»/2)Or 2_2 ' 5 Kv s ,)^ 1 ^ <5 /*IKvy 3 g - ({vfg)'\ 2 dvdv t do- 
£(cos 60 sin 2 - 2j - 2£ (6»/2)cE)r 2_2 ' ! Kv,)^ I ^^/*l«v> /S - (v'f) 2 \gfdvdv,doj 

= J 2 ,l X (4^2 + J 22l ■ 

Take the change of variables v — > v' for 72.1 ■ Since —(y + 2s) < 3/2, it follows from ( 12. 8t that 

^i< rr i<v.> f "'^" g /*i i — - v 1 , t/vvv, < n/n L 2 pii 2 , 

Apply Lemma l2~7l with s = (2s - 1 + e) + and y = y + 2 - 2s to jil. Then 

42 * U\\iU_Jg\\l r ^ 
because max{(2s - 1 + e) + , -| + 5 - 1 - | } = (2s - 1 + e) + . Since ( 12.8b also implies 

4 2 2 s rr iv' - v,r 4 - 2s \(v^-^- s - 2 fMv'fg'\ 2 d V 'd V , < wfw Lj , 

JJ\v'-v,\<\ ' P P 



Iff' 
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we obtain the desired bound for J 2 . As for J\ we use the Taylor expansion 

1 f 1 

< v y - ( V ) e = v(<v'/) ■ (v' - v) + - J o V 2 (<v t )^t(v' - v) 2 . 
Then, it follows from the symmetry that the integral corresponding to the first term vanishes, so that we have 



JJJ b(cos6)<S> c sin 2 (6»/2)|v' - v t | 2 V 2 (<v T > f )|/^' 'h'\dvdvja 
ff W ~ v,r +2 Kv,> f - 2 -^/»l \{{vfg)'\\{(v) s h)'\dv'dv t 

J J|v'-v»|£l 



< 

Jj\v'-v,\ 

which completes the proof of the of Proposition[ 

Now using ( 12. 2b with Qg(f,g) and the Proposition ^. 51 we get 

Proposition 2.8. Let < s < l,y > max{-3, -2s - 3/2). For any i e R, 

(2.9) \(w e Qif,g)-Q(f,W ( g),h)\<\\f\y \\g\\ H a^ \\h\\ L 2. 

|\ '1 f+3/2+(2s-l)++y++£ f+(2s-l)++y+ 

We can now prove the upper bound estimate with weights. 
Proposition 2.9. Let < s < l,y > max{-3, -2.? - 3/2). Then we have, for any feR and me [s - l,s], 

\(Q(f, g),h)\ S (ll/ll L . r + \\fU)\\g\\^^-^H\h\\ Hr ■ 
Proof. Using (I2.11 l. for any m,(El, 

\(Qc{f,g),h)\<\\f\\ 11%- Pll„ 7 ». 

\\ )\ f++(y+2s)+ (f+y+2j)+ -t 

On the other hand, for any I e R we have 

\{Qc(f,g), h)\ < \(Qcif, W c g), W- t h)\ + \(w c Q c (f,g) - Q c (f, W c g), W-th)\ , 

then Proposition implies, for »i6[s-l, s] 

\{Qc(f,W c g), W-eh)\ < \\f\\ L 2\\g\\ Hr \\h\\H T 

and Proposition ^. 51 for any £,B, 6 e R 

\(w t Q c (f,g)-Q c (f,W tg ), W-th)\ < Mllii^Maf-^W-thllq . 

We choose 6 — Q,B = t, since for m e [s - 1, s], s - m > 0, ending the proof of Proposition. □ 

2.3. Coercivity of collision operators. We study now the coercivity estimate for a small perturbation of fi. 
For any < s < 1 and y > -3, we recall the non-isotropic norm associated with the cross-section B(v - v„, <x) 
introduced in H 

(2.10) |||g||| 2 r = j B(v-v*,o-)n*(g' -gf + j B(v-v»,o-)g 2 ,(J? - yfjif = Mg) + J 2 (g) 

where the integration is over x R^ x SS 2 . The following link with weighted Sobolev norm was shown 
previously 

(2.11) C, [\gt H ^ + 11*11^,} < W\8\Wl y < C2 \\8t :+yii( ^ , 

where C\, C2 > are two generic constants. Recall that in the definition of the non-isotropic norm, we obtain 
an equivalent norm if we replace /u by any positive power of ji. 

The coercivity of the linearized operator -Q(fi, h) is given by the next result 

Proposition 2.10. There exists C > such that 
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Proof. Though the statement follows from ||9|, we give a proof for the convenience of the reader. By definition, 
-{QQi, h), h) L , (R}) = ~ J B(\> - v„ (f)(n'Ji' - nJi)hdo-dv,dv 
— - J" B(v - v„, cr)n*h(h' - h)dcrdv„dv 

If ,2 

=— I B(v — v„, o-)n„{h' — h) do~dv*dv 
+ i J B(v - v„, cr)ju t (h 2 - h a )do-dv t dv 



Then we have from |9| 



and the cancellation Lemma fl2j implies 



= l -jm + i = \\\\h\\\l y - l -j2(h) + i. 



\I\<C\\h\\ 2 L2 , 



thus proving proposition ^. 101 

Let us note than another proof is also possible by using instead the Appendix. 
Lemma 2.11. Let < s < 1 and y > max{-3, -2s - 3/2). If we put 

£K^f,g) = J B( y/jif),(g - g'fdvdvjo-, 



then there exists a C > such that 



(2.12) 



(Q(^f,g),g) L2m + ^!D(^f,g) 



< C 



' ll/lltfllgll^ 
\fM\g\€ 



\\H*>\\g\& 



if y > -3/2 
'7-3/2 > y 
if -3/2 > y 



for any s' e]0, s[ satisfying y + 2s' > —3/2 and s' < 3/4. 
Proof. The left hand side of (12. 1 2b equals 



and by the cancellation lemma of J3 



^ J~B V/"* f t [g 2 - {g)' 2 )dcrdvd\u , 
j I/.I f\v ~ v t \ y g 2 dvdv t = J(f, 



g). 



Divide the integral to {|v — v»| < 1} and another region, if necessary. Then it follows from Lemma 12761 that we 
obtain the first two estimates. The third estimate is a direct consequence of Pitt's inequality, 

Jif.8)* f ( / |v-v s | 2 ^V^) 1/2 ( J ^JL^dv^dv 
<\\f\\ H iA\g\\ 2 L 2 , 

y/2+.t' 

where we choose < 2s' < 3/2. □ 

Lemma 2.12. Let < s < 1 andy > max{-3, -3/2 - 2s}. Then for any N e N we have 
(2.13) D(^\f\,g)<\\f\\ Ll \\\g\\\ 2 
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Proof. Put F = -\fp\f\. Then (12.13b in the case y > follows from Lemma 3.2 of Q with f 2 = F. Suppose 
that y < 0. In view of O r = <D C + <D- , we write 

£>(F, g) = J 2>(<D C + - g'fdvdv,do- = £> C (F, g) + O^F, g) . 

We have 

£> c (F,g)< j &a> c (<v.> lrl F.)((v> r/2 g - {v') yll g'fdvd\\dcr 

+ j b® c ((v t ) M F*)((v'y /2 - { V y l2 ) 2 g 2 dvdv*do- 
= D ( c l) (F,g) + D {2) (Fg), 

because (v.) ~ (v + t(v' - v)) for any re [0, 1] on the support of <p(v - v.), as stated in the proof of Proposition 
1231 Since 

|<v') r/2 - <v) r/2 | < f <v + r(v' - v)> r/2_1 dr|v - v.| sin 6/2 < <v> y/2 |v - v,| sin 6/2 
1 1 Jo 

on the support of <p{v — v.), it follows from the Cauchy-Schwarz inequality that 

Df{F, g) < J ( f Jv- v t r 2 (v t ) M F. t dv. t )((vy /2 g) 2 dv < IFII^IIsll^ ■ 

By means of Lemma [2J1 we have Tr c '(F,g) < \\F\\ L 2 \\g\fc,, . On the other hand, noting that (D- < (v - v*) y < 
(v,)' r '(v) y we have 

Dz(F,g)< J b({v t ) M F t )({vy /2 g - (v'y /2 g'fdvdv t do- 

+ j b((v*) M F t )((v'y /2 - (vy> 2 fg 2 dvdv,do- 

= Df{Fg) + D i2) (Fg). 
It follows from Lemma 3.2 of [9 1 with y — together with Proposition 2.4 of (9) that 

nf(Fg) < ||(v> w F|| L i IIKv^HI^ < \\F\y 
Since with v T = v + r(v' - v) we have 



72-1 



Vv'yi 2 - ( V y' 2 \ < f {v T yi 

1 1 Jo 

f (v T - v.^-'lv- v.| sin 6»/2 
Jo 



c/t|v - v«| sin 0/2 
l 



we see that 



< <v») M/2 

< <v s ) lrl/2+1 (v - v.^V - v.| sin 6»/2 < <v,> lyl+1 <v> r/2 sin6>/2 



Df(Fg) < j (v t } 3 M+ 2 F t ((vy /2 gfdvdv* < F|| L i M+2 ||g|| 2 , 7 . 



Summing up above four estimates, in view of ( 12. lit we also obtain the desired estimate ( 12.131 ) in the case 
y < 0. □ 

By means of Lemma |2.1 H and Lemma [2.12l in view of ( 12.111 ) we get the following upper bounded estimate, 
which is needed in order to prove the non linear coercivity for small perturbative solution. 

Proposition 2.13. Let < s < 1 and y > max{-3, -3/2 - 2s}. Then we have 

\{Q{^gJl)Jl) L 2 {Rl) \<\\g\\ L 2\\\h\\\l y . 

Remark 2.14. If we proceed as in the proof of Proposition 3.1 from (9j, we can prove 

\(Q(^g, f),h)i?<#)\ * (llldlk + \\8\\w^}\\\f\\W\\h\\\ % 

for any y > —3. 
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From Proposition ^. 101 Proposition 12.131 and ( 12.111 ), we can deduce the following non linear coercivity for 
the small perturbation g. 

Corollary 2.15. Let < s < 1 and y > max{-3, -3/2 - 2s}. There exist tjq > 0, eo > and C > such that if 
WgWitCBZ) — €Q,then we have 

[-QUI+ yfjig, h), h) > IfcPUft - C\\h\\ 2 > m \\hf H . - C\\h\t . 

2.4. Estimate of commutators with pseudo-differential operators. We study now the commutators with 
pseudo-differential operators: again in the next Sections, these will be used as a rigorous replacement of formal 
derivatives, and when the operator is a smoothed one, as completely justified test functions. 

Proposition 2.16. Let M x (g) = for A > 0. Assume that < s < 1 and y > max{-3,-| - 2s). Let 
a,B,p > satisfy 

(2.14) 3+y + a + B + p>3/2, 

(2.15) a + B>2s-l, 

(2.16) B<1, 

(2.17) a + B+p>s. 

If a + A < 3/2 then we have 

\(M A (D) Q c (f,g) - Q c (f,M A (D)g),h)\ < ||/|ta.||JC*(D)*||fl» Pll* • 
If a + A > 3/2 then p — (A — B) + satisfies ( 12.14b and we have 

\{M A (D) Qc(f, g) - Qc(f, M A (D) g), h)\ < \\f\\BW \\Ma(D) 8 \\ H " \\h\\ H e . 
Proof. We recall (1274b . that is, 

<<f > on supp l (f< >£ ^ifi 

<£> ~ <f - £•> on supp l< f ,)<| f |/2 

<£> ~ <&> > - £,) on supp 1 V2| f |>< f ,>>|f|/2 ■ 

Since M A (g) is increasing function of we have 

(2.18) |m^) - MM - £)| 5 M,,(£ - f.)^ + - £*)%><l?l/2 

+ ^(^-^) 7 ^|y 1 <^,><(f,>. 

where we have used the mean value theorem to gain the second term of the right hand side. Since we have 
(Qcif, 8), h) = JJJ ■ tr)[4 c (& - D - *c(ft)]/(f.)Kf - t*)hF)dtd^d<r, 

it follows that 

(m,(d) g c (/, g ) - g c (/, m,,(£») g), /i) 

= JfjJ ■ tr)(6 c (f. - n - - w - - &W)d^do-. 

= 111 ■ ■ • d^d^do- + III ■■■ dgd^dcr 

JJJ|f-|<i(f,> JJJ|f-|s|<f.) 

= B 1 (f,g,h)+B 2 (f,g,h) . 

The estimations for B\{f,g,h) and B2(f,g,h) are almost similar as those for A\(f,g,h) and A2(f,g,h) in the 
proof of Lemma l2~2l by adding the extra factor M A {^) - M A (% - Indeed, for B\j(f, g, h) corresponding to 
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A hj(f, g, h), (j = 1, 2), note that it follows from d23i ( |2~6] i and d27T8t that 



%>>|?|/2 + | J %><lfl/2 



where we have estimated the factor (£)/(£*) of on the supp 1^. ) >A /2|f| by ((& / i&Yf because of ( 12.16b . Noting 
( 12. 151 ) we have 

— + - — r + - tt; 1(H,><(?,) 



The Cauchy-Schwarz inequality shows 



|Bi,i| 2 + 



(\m &)| + fOIXMaG) - M,,(£ - - ^)P(^)I^) 

r itf.y/(g.)i ^ .... I|2 r <&yi/&)i ,,,,,2 

■or 

Ifa! + ^< 3/2 then 



Since it follows from d2~T4l ) that (£)-(3+7+°+/'+p) e £ 2 , the first term has the upper bound ll/II^JM^gll^p 112 



IP- 



I 



-M < 



which gives the same upper bound for the second term. If a + A > 3/2 then the condition y > -3 implies 



R« <£> 6+2 ^+P) \ _ ^ _ ^ } 2a 



dtdt. < \\(^y- p m)\\r. 



Thus Bij (j =1,2) have the desired upper bound. 

The estimation for Bi^ifigji) are almost the same as above, in view of ( |2.7t . As for Z?2,i, it remains only 
to estimate 

By 

1 = %>>|f|/2%-f»><«W-> + l<f.)>|f|/2l(f-f»»(f,-r> + %><|f|/2 

we decompose 

B 2 1 v = J + + M 3 J • 

^' L 'P 2,1, p 2,1 jj 2,1, p 

On the sets for above integrals, we have <£*-r> S (&>, because |^| < that follows from |^| 2 < 2|£, < 
|£„|. Furthermore, on the sets for B^\ p and B^l we have (£) ~ (£,), so that sup(/? l|f-|> 1 <f ) ,)l<f,>>lfl/2) ^ 
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Vl<lfl/ V5 and ^* ~ % ^ ~ Hence we have 

Note that <£,) ~ <£> ~ <£ + > < <£ + - u) + (u) with u = Since 3 + 2(y + a + B + p) > then if a + A < 3/2 

we have 

14!!./ * J i<f.y/c?.)i 2 

x|sup<«>- (6+2 ^ ) / ^>^-^ <M)2,1) ^} PdCDfelS-PI&i 

< II/IIhpIIM^d^ii^ii^h^ 

because off ~ d% + on the support of 1|*-|<i«/ ^ ■ The case a + A > 3/2 can be considered by the same arguments 
as above. As for B®\ , we first note that £ + = £ - + m implies 

( M^) ~ ) M A (t) £ <f - + (m)" < <f - 
on the integral set, and hence we have by the Cauchy-Schwarz inequality 



II/IIhpIIM^d 

because 4> e (M)<M) _(ff+/S+p) e L 



<ll/llH,l|M,(D)g||^||/2||^ 



(3*1 

On the integral set of B 2 j we have (£) ~ and 



so that 



We use the change of variables in £„, m = - Note that > i( M + f~) implies > (m)/ VlO. Since 
(£, - r> + <£■> ^ <£>> in view of (ITT5b and ( T2~T7l ) we have 



ff\i l^-DIK^) p /(^)L 

JJ * Vl ^*> (^tf.r 1 ^ 

-ff 



D 1 



^r^ar+/J+l-2i 

1/2 / /£■ \2.5|/C V At m2 \ 1/2 



d<rdg t 



JJ ^^^l UJ — w s — ^ 
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from which we also can obtain the desired bound for B\ j . The proof of the proposition is complete. □ 
We give an application of Proposition ^. 161 Let S e CJ^(R) satisfy < S < 1 and 

S(t) = 1, |t| < 1; 5(t) = 0, |t|>2. 
Set A A N (D V ) = M A (D V )S N (D V ) = (D V )*S N (D V ). 

Corollary 2.17. Assume that < s < 1 and y > max{-3,— I - 2s}. I/O < A < 3/2 then for any max{2s - 
1, s/2} < s' < s satisfying y + 2s' > -3/2 we have 



lKe(/,*) - Q(f,A A N g),h)\ < n/n H , + ph h , 

l V 'I 3/2+(2s-l)++y++e (2s-l)++7+ 

a«(i moreover if A > 3/2 f/ien we ftave f/je same estimate with \\f\\ H ,> replaced by \\f\\ H A-*' 
Proof. In the proof of Proposition ^. 161 instead of ( 12.181 ) we use 



and choose 
we can get , 



|A£(0 - A*(f - < M,,(^ - £*)%>> /2 + - ^)%><lfl/2 

+ M A (£ - £,)— — — I l (f _ f#> < <f#> , 



(ar,p\p) = (0, s', s') or (0, s', A - s') > 



\(A A N Q c (f, g) - Q c (f, A A N g), h)\ < \\f\\ H , \\M A (D v )g\\ L 2 \\h\\ H , . 
On the other hand, using Proposition 2.9 of |6|, 

|K &(/> s) - Qcif, K 8), h)\ = \{^ s '(^'n Q-df 8) - Qcif, a£ g)\ A s 'h)\ 
< |(A^' 5 ' Qcif, 8) ~ Qcif, K~ S ' 8), A J 'ft)| 
+ \(Qtif, A*"' g) - A'/ Q-cif,A A N g)), A s 'h)\ 

% \\f\y + + iisii H ..-^-.>+ , 

1J 3/2+(2i-l)++ r + +6 H (2j-1)++7+ 

which completes the proof of Corollary. □ 

3. Full REGULARITY OF SOLUTIONS 

Let / e L m ([0, T[ ; H^O, x R 3 )), for any £ e N be a solution of Cauchy problem JTTTb . The regularity off 
will now be considered. First of all, note that / e C'([0, T[; H l e (Q. x R 3 )) by using the equation. 
For a e N 6 , we recall the Leibniz formula 



d a Qig,f)= J! C *lQi da '8,d a2 f)- 



Here and below, <p denotes a cutoff function satisfying <p e Cq and < <p < 1. Notation 0i cc </>2 stands for 
two cutoff functions such that <p2 = 1 on the support of </>i . 

Take some smooth cutoff functions tpj, e C^QTi, T2O and iff, ij/2, fa e C™(K) such that ^ cc ^2 cc 
<^3 and 1^ cc fa cc 1^3. Set /1 = <p(f)if/ix)f, fo = <piii)^2ix)f and = ipT,(f)^/j,ix)f, so here we can suppose 
that < T < 00. For a e N 6 , |a| < 5, denote 

F = EPjMWx)f) e l"0ri, r 2 [; L?(R 6 )). 
Then the Leibniz formula yields the following equation : 
(3.1) F, + v ■ 3. V F - F) = G, (f, x, v) 6 R 7 , 

where 

(32) g = z ai+a2=a , !<!„,, C e(3 ff '/ 2 , c^/i)} + a^(f>Hx)f + v ■ fxixMw) 

+ [d\ v ■ d x ]i<piWx)f) = (A) + (B) + (C). 
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Note carefully that a priori F is not regular enough, and therefore at that point, taking it as test function in the 
equation of ( 13.11 ) is not allowed. This is one of the main difficulties alluded to in the Introduction. Therefore, 
as in J6), we need to mollify F. This mollification process of course complicates the analysis below, but is 
necessary if we want to avoid formal proofs. The previous set of tools related to commutators estimations will 
then be used. For this purpose, let S e CS°(R) satisfy < S < 1 and 

5(t) = 1, |t| < 1; S(t) = 0, |t| > 2. 



Then 



S N (D X )S N (D V ) = S (2- 2N \D X \ 2 )S (2- 2N \D v \ 2 ) : H^(R 6 ) -> H^(R 6 ), 



is a regularization operator such that 

\\(S N (D x )S N (D v )f) - /|| L?(R6) -» 0, as N -> oo. 

Set 

P N ,t = ^2ix)W i S N {D x )S N (p v ). 

Then 

P NJ Fe C l (]T u T 2 [;Co(K;H +co (R 3 ))), 

and we can take 

h = P* { (P N jF)eC\R;H + °°(R 6 )) 

as a test function for equation ( 13. 11 1. 

It follows by integration by parts on R 7 = Rj x Rj x Rj that 

([S N (D V ), v] ■ V X S N (D X )F, WcP n ,(F) l2 ^ 
- (Pn€ Qifi, F), P Nt F) , = (G, h) , , , 

y «,{ 1£VZ> /, «,{ ; L 2 (R 7) V /L 2 (R 7 ) 

where we used the fact 
We get then 

-(G(/, p Mf^) £2(RV) = -([SjvCA;), v] • V I S w (Z) je )F, W^jv.*^)^ 

+ (P N ,eQ(f2, F) - Q(f 2 , Pn,( F), P NJ F)^ + (G, a)^. 

Next, we follow the main steps in our previous works (61, but need to be careful due to the singular behavior 
of the relative velocity part of the kernel. 

3.1. Gain of regularity in v. In this subsection, we will prove a partial smoothing effect on the weak solution 
F in the velocity variable v . 

Proposition 3.1. Assume thatO < s < l,y > max{-3, -2s - 3/2). Let f e L°°([0, T];Hf(Q, x x R^)), for any 
( eN be a solution of the equation dl.lt satisfying the coercivity condition ( 11.3l l. Then one has 

(3.3) A^(f)<A(*)/) e L 2 (R t ; H 5 C (R 6 )), 
for any big t > ana? any c«f off function <p 6 C"Q7*i, TaD, if/ e C^XA"). 

Similarly to 0, 

|([S„(A.), v] ■ V,S ff (D,)F, W ( P N ; ^J^Cimil^^. 
Then the coercivity assumption ( 11.3b implies 

(3.4) itollAJHWu F\\l 2m < C||/i||^ ;fl?+w2+s)+(R6)) + |(G, fc) L2(R7 J 

+ GC/i, f) - Q(f 2 , Pn.cF), p nj f) l2(r1) \. 

The proof of Proposition ^ . 1 I will be completed by estimating the last two terms in (13.4b through the following 
three Lemmas. 
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Lemma 3.2. Let fi e L°°([0, T]; H 5 ( (R 6 )), £>0. Then, we have, for any s > 0, 

|( G ' h )mm\ - CelLf2ll ^([o,r]^ 2+(r+2j)+ cE^)) + e H^^ F H^(R^ /2 (R5))- 

Proof. By using the decomposition in ( 13.2b , it is obvious that 

(B) = S ff (^(x)/ + v ■ ifr x (xMi)f) e L*(R 7 ), 

and 

IK B )llz2(R7) ^ C ll/2llL»(R,fl| +1 (R6))- 

Note that [5", v ■ <9. r ] is a differential operator of order \a\ so that we have 

II(C)IIlJ(r7) ^ C||/2|| L « (R>H 5 (R6)) . 

For the term (A), recall that a\ + ct2 — a, \a\ < 5 and |cK2.| < 4. Here we use the following upper bounded 
estimate from Proposition[ 



Then, by separating the cases |ari| < 3 and |ai| > 3, we get 
\{Q(d ai f 2 , d a2 fAPh P N, ( F) L2m \ 

< c J 11^/211^^0,3)113-/1 i^^^iin/^iii/v^)^ 

< C ll/2ll/J»(lu£ 2 ^, + (R 6 ))ll/l ll;.2(R.^ y+2ir (R6))l|/ J M^II/7(R^,H; n fR'.)) • 

Here we used the fact that W_f Pt , is a uniformly (with respect to Af, bounded operator. This ends the proof 
of Lemma |3.2| by Cauchy Schwarz inequality. □ 

We turn now to estimating the commutators of the regularization operator with the collision operator which 
are given in the following two Lemmas. 

The next lemma is about the commutator of the collision operator with a mollification w.r.t. x variable. 

Lemma 3.3. Let < s < 1, y > max{-3, —2s — 3/2). For any suitable functions f and h with the following 
norms well defined, one has 

(3.6) \(S N (D x )Q(f, g)-Q(J, S N (D x )g), h)^ 

< C2 "HVJll^j^ Ll 2 y/1+asn)+ (Rl))\\g\\LHRl, «|_ r/2+(2if+r)+ (R? » 1 1^1 Iz- 2 CK-tr, h% /2 (R?»- 
for a constant C independent ofN. 

Proof. Let us introduce K N (z) = 2 3N S (2 N z)2 N z. Note that K N e L^R 3 ) uniformly with respect to N. Then for 
any smooth function h, one has 

((SN(D x )Q(f, g)-Q(f, S N (D x )g)), h) = f (f f K N (x-y) 

x(e(V,/(f,+r(x-y), •), 2- J V/,y, ■)), x, • )) L ^dtdxdy]dT. 
By applying d3.5l ). the right hand side of this equality can be estimated from above by 
dsup||V A ./(f,x, -)II L 2 +( rJ)}x 

QK N \ * \\2- N g(t, ■ )\\ H , (R3) )(x)||/i(f, x, OH- 

^2^||V,/|| i ^^ l2 _ rm+(R 3 )) ||g|| I 
which completes the proof of the lemma. 
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We now apply ( 13.6b with g ~ S N(D v )g, and use the fact that a regularization operator S n(D v ) w.r.t. v 
variable has the property that, for any p 

\\2- N S N (D v )g(t,x,-)\\ Hi(vi) < \\2- N S N (D v )g(t,x, Oll^) < Q\g(t,x, 

where C is a constant independent on N. It follows that 

(3.7) \{s N (D x )Q(f, S N (D v )g) - Qif, S N (D x )S N (D v )g), h)^ 

Completion of proof of Proposition [37TJ 

As regards the commutator terms in ( 13.41 ), we have 

{Pn.c Qif, F) - Qif, P N , t F), P NJ F) L2m 

= (S N (D V ) Q(f, F) - Q{f, S N iD v ) F), S*iD x )i(, 2 (x)W { P N/ f)^ 

+ (S N iD x ) Qif, S„iD v ) F) - Qif, S N iD x )S N iD v ) F), ^ 2 ix)W e P N , e f)^ 

+ (W e Qif,S N iD x )S N iD v ) F) - Qif, P Ntt F), ^ 2 ix)P N , ( f)^ . 
= (l) + (2) + (3). 

Note that [We, S n(D v )] is also a uniformly bounded operator from L? to L 2 _j with respect to the parameter N. 
Using Corollary |2. 17l with A — 0, we have, for < s' < s, y + 2s' > -3/2, 

< s\\AtW r/2 P N , e gf L2m + C £ ||/ 3 ||^ (R7) . 
We can use ( 13.7b to show that 

|(2)| << C\\V x f 2 \\ L ^_ Lj +2 _ r/2+(Js+r)+ 0^))FllL2(Ri„ Ll 7/2H2s+r)+ (Rl))W( P N,e F\\ LHR ^ H»^ /2 (R3)) 

^e\\AiW y ^, t8 f Ll ^ ) + CM\^- 
Finally, (fZ9])) implies that 

|(3)| < C||/ 2 || L » (R 4 i>L 2 + <$.))\\S n(D x ) S N (D V ) F || £2 4 H (2»-i +fl + (g3))\\ p N,e ^lb(R 7 ) 

< e ||A;!W y/2 P M ^||2 2(RL) + CJ|/ 3 ||^ (R7) . 
In summary, we have obtained the following estimate for the second term on the right hand side of ( 13.41 ) 

\(P N ,e Qifi, F) - Qih, P N , C F), ^4^7)1 
< s\\KW 7/1 P NJ Ff l2 ^ + CM\^ m ■ 
Finally, it holds that from (f3~4l and ( 12. 1U that 

\\KWy/2PN,F\\l 2m <C(l + 11/311^), 

where the constant C is independent of N. Therefore, Proposition |3.1| is proved by taking the limit N — » 00. 

3.2. Gain of regularity in it, x). In Q, by using a generalized uncertainty principle, we proved a hypo-elliptic 
estimate, as regards a transport equation in the form of 

(3.8) /, + vV v /^eD'(R M ), 
where it, x, v) € R 1+,,+ " = R 2 " +1 . 

Lemma 3.4. Assume that g e H s (R 2 " +1 ), for some < s' < 1. Lef / € L 2 (R 2 " +1 ) foe a weak solution of the 
transport equation ( 13.81 ), smc/z that K s v f 6 L 2 (B? n+l ) for some < 5 < 1. 77zen it follows that 

Af-^/^f e L 2 „, (R 2n+1 ), Af-^/^+D / 6 L 2 ^(R 2n+I ), 
where A. = (1 + |£>.| 2 ) 1/2 . 
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As mentioned earlier, this hypo-elliptic estimate together with Proposition [3T| are used to obtain the partial 
regularity in the variable (?, x). With this partial regularity in (f, x), by applying the Leibniz type estimate on the 
fractional differentiation on the solution, we will show some improved regularity in all variables, v and (x, t). 
Then the hypo-elliptic estimate can be used again to get higher regularity in the variable (x, t). This procedure 
can be continued to obtain at least one order higher differentiation regularity in (f, x) variable. 

To proceed, recall (see for example J6) a Leibniz type formula for fractional derivatives with respect to 
variable (/, x). Let < A < 1. Then there exists a positive constant C,\ + such that for any / e S(R"), one has 

(3.9) \D y \ x f(y)=T-\\Z\ l m) = C, f m ~S + k) dh. 

JlR" l«l 

First of all, we have the following proposition on the gain of regularity in the variable (t, x) through uncer- 
tainty principle as in J6] . 

Proposition 3.5. Under the hypothesis ofTheorem U.U one has 

(3.10) A ( y,ei 2 ([0,r];//](R 6 )), 
for any I 6 N and < sq — ■ 

Therefore, under the hypothesis / € L°°([0, T];H 5 ( (R 6 )) for all I e N, it follows that for any t e N we have 

(3.11) A>(f)<A«/) 6 L 2 ([0, T];H 5 ( (R 6 )), A*°>(^(x)/) e L 2 ([0, T];H^(R 6 )) . 
This partial regularity in (f, x) variable will now be improved. 

Proposition 3.6. Let < A < 1. Suppose that f e L°°([0, T]; H^(£l x R 3 )) for all ( e N is a solution of the 
equation and for any cutoff functions if, t//, we have 

(3.12) Al(<pW(x)f) eL 2 ([0,r];// f 5 (R 6 )), Af x (ip(t)^/(x)f) e L 2 ([0, T]\ //^(R 6 )). 
Then, one has 

A s X x (<pW(x)f) e L 2 ([0, T]; H 5 C (R 6 )), 
for any I € N and any cutoff functions ip, i//. 

Set 

F N ,t = Pn.( F = if, 2 {x)S N {D x ) W e S N {D v W{f>W{x)f), 
where a € N 6 , \a\ < 6 and € € N. Then ( f37T2b yields 

WKFnxWlHwJ) < C||A^>(0<A(*)/)|| L 2 (R7) , 

and 

\K K F N/ \\ L 2 im < cWAf^WMxWWq^, 

where the constant C is independent on N. 

It follows that F N j satisfies the following equation 

(3.13) d,(F N ,[) + v ■ 8 X (F N ,[) = Q{f, F NJ ) + G N/ , 
where Gnj is given by 

G N , t =W e [S N {D v ), v] ■ V X S N (D X )F + (P N/ Q(f 2 , F)-Q(f 2 , P N/ F)) + P NJ G, 

with G defined in d3.2t . 

We now choose |£>/,.vl' 1 IA,xl i ^A'/ as a test function for equation ( 13 . 1 3b . It follows that 

\\AlAlP N/ F\\ L 2 (WJ) 

< c\(\D,J A Q(f 2 , F N j) - Q(f 2 , \D,J l F N/ ), \D t J A F NJ ) L2 ^ 7 j 

+ |(lA,/G^, \D,J A F NJ ) L2m \ . 

Using the formula (13. 9t , the proof of the Proposition [376] is similar to the corresponding result in (6), here we 
omit the cut-off function, it is easy to trait as before. 

We can then get the following regularity result on the solution with respect to the (f, x) variable. 
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Proposition 3.7. Under the hypothesis ofTheorem U.H one has 

(3.14) A,'; e Qp(fMx)f) e L 2 ([0, T]\ H 5 e (R 6 )), 
for any /"eN and some s > 0. 

Proof. By fixing so = '(,+ *) » tnen (13 - 1 lb and Proposition l3.6l with /I = sq imply 

AJA^F e 4(R 7 ). 

It follows that, 

(A*F) ( + v ■ S,(A*F) + Li(A^F) = A* fiCfc, F) + A*G e // f - ! (R 7 ). 
By applying Lemma [3~4l with s' = s, we can deduce that 

A^ +S °(F) e L?(R 7 ), 

for any € 6 N. If 2sq < 1, by using again Proposition l3.6l with A = 2so and Lemma [3~4l with s' = s, we have 

Al(<pW(x)f), A^'(F) e L 2 (R 7 ) ^ A 3*„ (F) g L 2 (R 7^ 

Choose ^eN such that 

feo^o < 1> (^o + l)^) = 1 + e > 1. 
Finally, ( 13.14b follows from ( 13.10l i and Proposition 13.61 with A = koso by induction. And this completes the 
proof of the proposition l3.7l □ 

3.3. Full regularity of solution. The above preparations will be used for the proof of the full regularity of 
solution in Theorem ll.il by using an induction argument. 

From Proposition l3.6l and Proposition l3.7l it follows that for any a e N, \a\ < 5 and any I e N, 

These will be used to get the high order regularity with respect to the variable v. 

Proposition 3.8. Let s < A < 1. Suppose that, for any cutoff functions ip e C^QO, T[), t]/ e Cq(R 3 ), any 
a e N, \a\ < 5 and all I e N, 

(3.15) a;! dXo-AW/X a, x d a {ip{mx)f) e l 2 (R 7 ). 

Then, for all cutoff function and all a e N, \a\ < 5, £ € N, 

(3.16) A;! + ^>(#(x)/)e^(R 7 ). 

Proof. Recall that, for \a\ < 5, F = d a (<p(t)tf/(x)f) is the weak solution of the equation : 

^ + v • 8 X F - Q(f, F) = G, (t, x, v) e R 7 , 
ot 

where G is given in ( 13.21 ). Set 

Pnm = HixWt S N (D,)S N (D r ) a;! , 

we take now 

p h.A p n.caf = p* AA f nm e cim, 7*2]; //;°°(R 6 )) 

as test function. Then, one has 

([P W , v] ■ 3,F, F^F) /2(R7) - F N , u ) L2m 
= (PnjvlQV, F) - Qif, P NM F), P n .uF) l2(r1) 
+ {P N , U G, P N ,uF) L2(m . 

Since 

[A* v] • d Jt = AA*T 2 d v ■ 8 X , 
and A;!~" 2 d v are bounded operators in L 2 , for any < A < 1, we have, by using the hypothesis ( 13.151 ) that 

\{[Pna*> v ] ■ d * F ' ^/,^) i2(R7) |^C||A^F|| L?(R7) ||A,F|| L?(R7) . 
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Using the coercivity fll.3K we get as (13. 4t , 

(3.17) /7ol|A; s :w y/2 ^, e J\% m < C||A$ F|| i?(R7) ||A, F\\ L * m + \(p n , u G, P n , ( , a f) l2(r7) \ 

+ \{P N ,eMf2, F) - Q(f 2 , P NM F), 
We conclude the proof of Proposition ^ .8 I bv using the following Lemma. □ 

Lemma 3.9. Let f e L°°([0, T];H 5 t (D. x R 3 )), € > € (large). Then, we have, for any e > 0, 
\(P NM G, Pn, ( jF) l2{r1) \ < s\\A-lW y/2 F NXA \\ 2 L2(m 

+ C 6 (l|A v /3|| / ^ [a7 . ];W ^ (R6)) ||A I /3|| /2([a7 . ] . w ^ (R6)) + ll^/3ll i 2( [or ]. fl | { ( R 6)))- 

Proof. By using the decomposition in d3.2t , it is obvious that for the linear terms 

\(P N , C ,MB) + (C)), Pn,uF) l29J \ < C||A^/ 2 |li 2([ar];Hf5+i(R6)) . 

For the term (A), recall that a\ + a 2 — a, \a\ < 5 and \a 2 \ < 5. Then, by separating the cases \a\\ < 3 and 
|ori| > 3, we get, with A^(D V ) = A A S N (D V ), 

\{P N ,cMd°'f2, PN,uF) L2m \ 
= \(A A N (D v )(Q(d a 'f 2 , W ( S*(D x )ifr 2 F NAA ) L2{m \ 
< \(A A N {D v )(Q(d a 'f 2 , cP/i) 
-(Q(3 a 'f 2 , Ai{D v )d a2 A)), ^(flJF^m 
+ 1(02(^/2, ^ N (D v )d a ^)), W c S*(D^ 2 F N ,c, A ) L2(m \ . 

Using Corollary 12. 171 we have 

|(A^(D v )(<2(^/2, V 2 fi) - (Q(d a, fi, Aj,(D v )^fO), W e S*(D x )^ 2 F NAA ) L2m \ 

\\ H s' (gs-jdxdt 

2+7 + +(2j-1) + v ' ' y + +{2s-l) + v ' t - ' 

< €\\KW 7/2 F NA £ Llm + CellA^A^H^^^IIA^A^H^^^ , 
Proposition ^. 91 with m = and Sobolev embedding for x e K 3 and t e R give 
\{(Q(d a 'f2, A^(Z) v )«9^/i)). W ( S*(D^ 2 F NAA ) Lim \ 

<C J 11^/21^^(^)11^/1 ||^^ )+( ^ ) ||W f S*(DJ^F^||^ +r/2(R 3 ) ^ 
< ellAJWyya^all^ + C £ ||A^A f / 2 ||^ (R7) l|Al l ,A;:/2ll^ (R7) . 

This ends the proof of Lemma [3791 □ 
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Recall A^(7) v ) = A A S n(D v ), we have for the last term of ( 13.171 ), (the term involving /i is omitted since is 
easier than f 2 ), 

{PN,uQ(f2, F)-Q(f 2 , P NAA F), P N , u F) L2(m 

= (A A N (D v )Q(f 2 , F)-Q(f 2 , A A N (D V )F), W t S*(D X ) P w „,f) i2(r7) 

+ (S n(D x ) Q(f 2 , A A N (D V )F)-Q(f 2 , S N (D X )A A N (D V )F), W t P^f)^ 

+ (w?Q(f 2 , S N (D X )A A (D V )F)-Q(f 2 , P KU F), Phm?)^) 
= (I) + (77) + (///) . 
Using again Corollary 12. 171 we have by interpolation, 

C f ||/2ll H ..< \\F\y \\W e S*(D x )P N , u F\\ H ,dxdt 

J n 2+(2s-l)++ 7 + (2f-l)++y+ 



1(7)1 < 

j "2+<2 S -i)++ 7 + —cu-ir+r* 



< C\\A t A 2 Xf 2 \y + »7)||A^F|| La JAfWtSfcDJPMjiFWn 

2+(2j-l)++y+ ' (2j-l)++y+ 



<C||A,A^ V / 2 |U +(m \\A A v F\\ L 2 ^^rnP^Fiym + CMiFlU^) 

2+(2s-l) + +y + v ' (2j-l) + +y + > Jt v ' ' 

< e\\A s v W 7/2 P N , u F\\ 2 LHm + C e ||A f Aiv/2ll' l(2j _ i)++r+(R 7 ) IIA^Al v /ill^ (R7) . 
Using now (13.6b . similarly as for (13.7b . we have 

|(7/)| < C2- A, ||V x / 2 || L „ (R 4 ii ^^(^BlIM^Dv^lb^ H^ m ^))We P N ^F\y^ H ^ /2< M)) 
< C||A,Aj/ 2 || L 2 i+(R7) ||A^|| L 2 ^HA^^P^FIb^,. 

r+2-y/2+(2.?+y) + v ' £-y/2+(2.(+y) + 1 

For the term (777), we use ( 12.9b 

|(777)| = \(W ( Q(f 2 , S N (D X )A A (D V )F)-Q(f 2 , P N , U F), ^W^J 

^ C| |/ 2 1 li-dR^;^^^^^,^ OR?)) 1 1^ A?(73 A ) l i 2 (R 4^^(2«-^)+^ + I l^f^.FI ^2^7) 

< t\\Kw y/2 PwFtfw + CefllA^i^^ + ||a,a^ 2 ||^^ +(r7) ||a;!f||^ (R7) ) . 

Finally, from ( 13.171 ), choose e > small enough, we get for big I, 

\\\Ay yl2 F NXA fv- m SlIA^A^II^ + ||A X A\j 2 f^ m 

+ ll A ^,v/2ll^ (R7) l|A^v/2ll^ (R7) . 



Taking the limit N — » 00, we have proved (13.16b . and ended the proof of Proposition[ 

We can now conclude that the following regularity result with respect to the variable v holds true. 



Proposition 3.10. Under the hypothesis of Theorem U .71 one has 

(3.18) Al +s (<pW(x)f) e L 2 ([0, r];77, 5 (R 6 )), 

for any /"eN and some s > 0. 

Again, this result is indeed obtained by noticing that there exists Icq e N such that 

k s < 1, (ko + V)s = I + s > I. 
Then we get ( 13.18b from ( 13.3b , Proposition ^. 81 with A = Icqs by induction. 

High order regularity by iterations 

From Proposition ^. 71 and Proposition ^. 101 we can now deduce that, for any ( e N, and any cutoff functions 
<p(t) and i//(x), 

A w ft>(/)<K*)/), A hx (ip(i)ili(x)f) 6 L\[Q, T]; 77 f 5 (R 6 )) , 

which is 

<ptWx)f e L 2 ([0, T]; 77 f 6 (R 6 )) n 77'([0, T]; H 5 e (R 6 )) 
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The proof of full regularity is then completed by induction for (x, v) variable 

<pm(x)f e L 2 ([0, T];H 7 ( (R b )) n H\[0, T];H 6 e (R 6 )) 
and using the equation to prove the regularity for t variable. 

4. Uniqueness of solutions 

In this section, we prove precise versions for uniqueness results which will cover more general cases than 
those presented in Theorem |1.2| 

We need the coercive estimate in a global version: For suitable function /, we say that / satisfies the global 
coercive estimate, if there exist constants cq > and C > independent of t e]0, T[ such that 

(4.1) -(Q(f(t), h), h) L2(m > c \\h\\% ml . H;/29})) - Q\h\\l ml;L ^ m)) 

for any h e L 2 (R? x ;S(Rl)). Using the notations introduced in SectionQ] we prove the following precise version 
of Theorem ll.2l where we do not assume that solution is a perturbation around a normalized Maxwellian. 

Theorem 4.1. Assume that < s < 1 and max)- 3, -3/2-25} < y < 2-2*. Let fa e £°(R 6 ), < T < +oo and 
suppose that f e £ m ([0, T] x R 6 X V ), m > s is a weak solution to the Cauchy problem ( II. lb . Iff is non-negative, 
then solution f is unique in the function space S 2s ([Q, T] X R*J v ). 

Moreover, if f is non-negative and satisfies the global coercive estimate ( 14.11 ), then the solution f is unique 
in the function space & S ([Q, T] X R*J v ). The same conclusion holds without the non-negativity of f if the term 
^^l 2 (R? h' (Rj» !n condition d4.1| ) is replaced by § WWW^ dx. 

Remark 4.2. In the case where y > —3/2 and f e £> S ([Q, T] x R 6 K ,,) is non-negative, it follows that f coincides 
with any another solution fx 6 £ 2s ([0, T] X R* v ) without the coercivity condition d4.ll ). 

The next result proves the uniqueness of perturbative solutions around a normalized Maxwellian obtained 
in ||9l [T0l where we do not assume the non-negativity of solutions. 

Theorem 4.3. Assume that < s < 1, max{-3, -3/2 - 2.?} < y. Let l x > 3/2 + max{(y + 2s) + , \y\/2). Then 
there exists an so > such that if f\ if), fjft) 6 £> s ([0, T] X R^ v ) are two solutions of the Cauchy problem ( II. lb 
with the properties 

p- 1/2 (fj(t) -fx) 6 L°°([0, T] x R 3 ; ff£) , j=l,2, 
and the smallness condition for f\ 

(4.2) \\p- 1/2 (f(t) - p)\\ L 
then fi(t) = h{t) for all t e [0, T\ 

To study the uniqueness of solutions constructed in Theorem 1.4 of (9], we define another function space 
with exponential decay in the velocity variable as follows: For m e R and for T > 0, set 

2T([0, T] x R* v ) = {/ e C°([0, 7"]; £>'(R* V )); 3p > 

s.f. e p<v>2 / e L°°([0, T] x R 3 ; L 2 (R 3 )) n L 2 ([0, 7*]; L°°(R 3 ; /f"(R 3 )))}. 

We get the following refinement of the last part of Theorem l4.ll in the case y + 2s < 0. 

Theorem 4.4. Assume that < s < 1 ana! max { - 3, -3/2 - 2.?} < y < -2s. Let < T < +oo ami suppose 
that f\ (t) 6 S s ([0, T] X R ^ ,,) /s a solution to the Cauchy problem ( II. U satisfying the global coercivity estimate 
( 14. U wzf/z f/ze ferm PII?2 (R 3.jjs n«3« replaced by J \\\h\\\^ dx. Then f\(t) coincides with any another solution 

V A' y/2*- '''' ' 

/ 2 (/)6fl'([o,r]xR* v ). 

If the Cauchy problem (TTTTb admits two solutions /i (f), /2W e £> s ([0, T]xR^. v ), then there exist po,Pi,P2 > 
such that 

eP° <v)2 f e L°°(R 3 ;L 2 (R 3 )), e Pl<1 ' >2 /i, ^^Vi e L°°([0, 7] x R 3 ; H*(R 3 )) ■ 
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Take < p < minjpo, pi, pi) and k > sufficiently small such that j- > T. Then we have 

g Q = ^>7o e L°°(R 3 X ; L 2 (R 3 V )), gl = e^^fu g 2 = e^'^f, e L°°([0, T] x R^; ///(R?)) 
for any I e N, and g\ , g2 are two solutions of the following Cauchy problem 



(4.3) 
where 



g, + v ■ V*£ + <1 + \v\ 2 )g = P(g,g), 
g\t=0 = go . 



r'(g, ft) = MtrQiMMg, » K W) , MO = v) = e" 
Set g = g\- g2- Then we have 



(4.4) 



gt + v • v x g + «(i + \v\ 2 ) g = r*cgi,g) + r'(g,# 2 ), 
*l«=o = o . 



4. 1 . Estimates for modified collisional operator. We now prepare several lemmas concerning the estimates 
for (r'(f, g), ti) , where L 2 = L 2 (R? V ). In this subsection, variables t and x are regarded as parameters. For the 
brevity we often write T and instead of V and ji K {t, v), respectively. All constants in estimates are uniform 
with respect to t e [0, T] and moreover they hold with ^{t) replaced by p 1 / 2 . 

Lemma 4.5. Let < s < 1 and y > max{-3, -2s - 3/2). Then for any B 6 R we have 

(4.5) ^(/.^.^-(eou,/^),^! 

< (Dfo, |/|, (v^)) 1/2 ||/||^||ft||^ + ll/lbfell^PII^ ■ 

Proof. We write 

(r(/,g),ft) i2 -((Xfif.g)^ = Jjf B(fi:-fi,)(f,)gh'dcrd Vt d V 

+ fl((/4) 1/2 - i4 /2 ff*gh'do-dv t dv 

+ 2 Jfjj b((^*) 1/2 - ^J 2 )h' f*^J 2 {g - g'^do-dv*dv 
= D x + D 2 + £> 3 . 
By the Cauchy-Schwarz inequality we have for any /? € R 

1/2 



|£>3l<( J]J B[<jti 1 *-rt») 2 M(v>^h) , Wd Vt d V ) 1 ' 
x( JJJ^ fl//. l/*Rv'>^-g') 2 ^v^v) 1/2 



= (D 3 (f,(v)- p h)f /2 (D p (Mf,g)) m . 

We have 

©^(/i/.g) < 2(£>0u |/|, (vA) + jfjj \f t \((vf - (v'f) 2 g 2 dvdv,da) 
<DUi\f\,(vfg) + ll/IMIsl£ 2 , 
because it follows from the same arguments in the proof of Lemma l2.12l that 

(4.6) \{vf - (v'f\ < sin |(<v>^v,>^ l+1 l| v _v,l>i + (v^V - v»|l| V _ v ,|<i) . 
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Note that 

(0O 1/2 -/4,C 2 ) 2 * 0O 1/4 -a4 /4 ) 2 ((/4) 1/2 + ^ /2 ) 

< min(|v' - v„|0, l)min(|v' - v'J0, 1)<X) 1/2 + (min(|v' - v„|0, l)fnl' 2 . 
By this decomposition we estimate 

It follows from the Cauchy-Schwarz inequality that 

|5^| 2 < ( jjj B\V - v:r 2l (min(|v' - v'J8, ljf 'n'^W-phf '\v')-^ +2s) dcrdv t dvdx) 

x ( jjj B\v' - v„r ( '' +2 ' 5) (min(|v' - v*|0, l)f ' f 2 {W- P hf ' {v'y +2s do-dv t dv) 
< \\h\\l 2 \\f\\ 2 L2 IN 2 , . 

Here, we have taken the change of variables (v,v*) — > {v' ,v' t ) and v — > v' in the first and second factors, 
respectively, and moreover, in view of 2(y + 2s) > -3, we have used the fact that 

j ( j B\v-v„\ r+2s mm(\v-v t \ 2 e 2 ,l)do-)iJ„dv f < J \v - v*\ 2(j+2s) M*dv, < {v) 2(y+2s) . 

Since the estimation of Df } is quite similar as we obtain 
(4.7) 5 3 (/,<v>-^)<||/|| L 2P|| 2 2 

j+y/2-,8 

and hence 

\D 3 \ < (2X/i|/|,<vyg)) 1/2 ||/||^||A|^ + 
The Cauchy-Schwarz inequality shows 

\D 2 \ 2 < D 3 (f, (v)-»h) [fff fi((K)' /2 - M l J 2 ) 2 \fM>'fg) 2 dcrdv t d^ , 



so that it is easy to see, in view of ( |4.6b . 



\D 2 \z\\f\y\\g\\ L i m\y . 

s+y/2+8 s+yjl-B 



Take the change of variables (v\ v*) — > (v, v#) and (v, v#) — > (v*, v) for D\ . Then we consider 
Dl = 2 Iff B ^ 12 ~ (M') 1/2 )(M y2 f)'(gh\do-dv t dv 
= 2 Jfjj fi(V /2 )(v') • (v - v')(M 1/2 f)\ghXdcrdv,dv 
+ f fff B(Vy /2 )(v' + r(v - v'))(v - V) 2 {ii xl2 f)\gh\d(Tdv*dvdT 



= 01,1 +D ia .. 
by using the Taylor formula 



^1/2 _^l/2 = (ViU l/2 )(v0 . (y _ V) + 1 ^ (VV 1/2 )(V' + T(V - V'))(V " VfdT. 

Note 

|(V 2 /4 /2 )(v' + r(v - v'))(v - v') 2 | < |v' - v*| 2 (l - cos 0). 

and devide 

Du=2( rrr + rrr ). 

JJJ(v'-v.| 2 (l-cosfl)<Il JJJ{v'-v,| 2 (l-cosfl)>l| 
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Then it follows from the spherical symmetry that the first term of the decomposition D\ \ vanishes, so that we 
can estimate by the change of variables v — > v' 



|£>i|< jj |v'-v*|V /2 L/l)'(J^ fc(cosfl)min(flV -v*\ 2 ,l)do)(gh)*dv'dv« 
< (jj |v' - xu\ 2iy+2s) v'gl{v*y (y+2s)+p dv'dv^ 12 

[II f lh ^ v *y +2s ~ Pdv ' dv ) 



1/2 



X 



S \\f\\M\LiJh\\ L * 



Summing up above estimates we obtain the desired estimate. □ 

Since Lemma l2. 1 1 I holds with -\fjj replaced by /i K (t, v), the combination of Lemma l2.1 H and Lemma l4~31 with 
P = implies 

Lemma 4.6. Let < s < 1, y > max{-3, -2s - 3/2). Iff > then we have 

(4.8) (r*{f,g),g) Ll <~\iX»J,g) 

+ Cmm{\\f\\ L ,{\\g\L,+\\gt L2 ), \\f\\jpA\g\^ } 

1 H rl2 i+r/2 L s+yll> 



for any s' e]0, s[ satisfying y + 2s' > —3/2 and s' < 3/4. 



Furthermore, if y > -3/2 then the second term on the right hand side can be replaced by C||/|| £ 2||g|| 2 2 



1+7/2 

Lemma 4.7. Let < s < 1, y > max{-3, -2s - 3/2). For any f eR arcd m e [0, s] we /zave 

(4.9) |(f(/, /t) L2 1 < ll/lbllgllfl^ +2s)+ IWIh« ■ 
Furthermore 

(4.10) \{F{f, g\ g) L \<\\f\\LA\\g\\\l y - 

Proof. Since Lemma l2. 12l holds with yffi replaced by [i K (t, v), in view of d2.1 \\ we have 

\0Qi K f,g)\ < \\f\\»\\\g\\\l Z\\f\\»\\gfH- ■ 

Applying this to the right hand side of ( 14.51 ). by Proposition 12.91 we obtain the desired estimate (14.9l l. The 
second estimate can be obtained by using Proposition 12 . 1 3 1 instead of Proposition ^. 91 □ 

For a > 3/2, set tp(v, x) = (1 + |v| 2 + \x\ 2 )° 12 and 

(v)' (1 + M¥ /2 

^ <p(v, X ) (i + m 2 + w 2 r/ 2 ' 

Lemma 4.8. If<p(v,x) = (1 + |v| 2 + W 2 ) ff/2 /or a > 3/2 and 

w <v>' (i + M 2 y /2 



(p(v,x) (i + |v| 2 + |x| 2 y/ 2 ' 

for / eR then we have 

(4.11) l<9^W^(v)| < (v)-^l-^l W^(v) , 

(4.12) |W^(v') - W^(v)| < sin(-)i ^ W^(v), 

(4.13) V 2 W„,,(v + t(v' - v)) < , W Vit (v) , r e [0, 1] 
1 1 <v> 
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Proof. The first inequality follows from the direct calculation. Since 



WV(v') - W v ,dy) = f VyW^v + t(v' - v))dT ■ {V - v) 
Jo 

and since |v - v'| = sin(#/2)|v - v»|, |v - v«| ~ |v - v' t \, for the proof of ( 14.12b it suffices to show 

wWOv) <v;r +(f - 1)+ , 



(4.14) 
For a e R we have 



<V T > 



<v> 



■W™ f (v) , v T = v + t(v' - v). 



1 + a 2 + |v| 2 < 1 + a 2 + |v - v'J 2 + |v:i 2 < 1 + a 2 + |v T - v'J 2 + K| 2 

< 1 + fl 2 + | Vt |2 + | v: p < (1 + fl 2 + |v T | 2 )«> 2 , 

from which we get (p(v T , x)~ l < y(v,x) -1 (v^) a by setting a = |jc|. Putting a = in the above inequality we 
have (v) < (v T )(v»). Since (v T ) < (v)(v£) holds similarly we have (v T ) f_1 < (v) (v»)' , which concludes the 
second inequality of ( 14.14l i. ( 14.13b also follows from the similar observation. □ 

Lemma 4.9. Let < s < 1 and y > max{-3, -2s - 3/2). Then for any ( > we have 

\{W ip ,cY , {f,g)-Y<{f,W ip ,(g),h) L \ 

< (£>GuJ/U)) I/2 ||/||^ 2 ||W^|| L , /2 + ll/llfl^-^IIW^II^HAI^ , 
for any s' &](2s — 1) + , s[ satisfying y + 2s' > -3/2. 
Proof. Note that 

(w v , e nf,g)-T(f,W 9t{ g),h) L2 = ffj Bf t (^h)'g(w;,-W vJ )dvdv t do- 
= fff Bf. [(n.^h) - {n* ll2 h))n': 12 gW^ - W,j)dvd V .da 

+ fff Bf, (ft^hj^-^giW^ - W,j)dvdv.do- 

+ fff B f, (^ I/2 /^, 1/2 giW'^-W^dvdv^do- 

— 3ii + ^2 + ^3 ■ 

It follows from the Cauchy-Schwarz inequality that 

J{\< fff B \f t \{(fi t 1/2 h)' -((x, l/2 h)fdvdv*do- 

x fff B\f,\(^ ll2 g(W' ipl -W^)fdvdv t do- 

(n* l/2 h)' - (^ i/2 h) = n* i/2 (h' - h) + h\^y 2 - ^> 2 ) 

# u <2{ fff B(ji\f\) t (h' - hfdvdv«do- 

+ fff B\u{^ ll2 -^ 2 ) 2 h' 2 dvdv,do-) 



Writing 

we obtain easily 



= 2(£Kjx\f\,h)+D 3 (f,h)) 

2 

2 

s+y/2 



< 



£>0u|/U) + ||/|blWI 2 
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where we have used ( 14. 1\ . By J4. 12b and the Cauchy-Schwarz inequality we have 

iv-<r 2 tll 



1.2 



2 <( fff bsm 2 (0/2) ' V Jf + n'* 1,2 \f*\(Wv,igfdvdv*dof 



<v> 

( Jff bsm 2 (0/2) ]V ~^l +2 \ :(Wyjgfdcrdv:dv) 



(v) r + 4 

x( jjj b sin 2 (6/ 2) f 2 ^(w^gfdcrdv.dv) 

y/2 S y/2 / 

where we have used the change of variables v* — » Hence we have 

m < (DWlh) + \\f\\f\\hhlJ\\f\\f\\W^g\\ L 2 i2 . 
By using the similar formula as ( 14.121 ) with v' t replaced by v* we have 

|^ /4 (K 1/2 -^ 1/2 )(W;, - W vJ )\ < min(|v - v,P^,|v- vjeJW^v)- 1 , 
so that for any 5 > 

m < fff | V -v.r(iv-v.i 2 ' + i Ktel i"-v,p- lti,,+l > 



(v) 



dvdvt 



<\\m\\w^g\\ L i + . 

™ (2i-l+S)+/2+y/2 (2i-l+«)+/2+ r /2 



In order to estimate ^3 we use the Taylor expansion for W v j - W t of second order. Then we have 
^3 = jjj Bf, /ugM^yW^Xx, v) ■ (v' - v)dvdv»dcr 

+ lj dr JJJ Bf, n*gh (V^,0(*, v + r(v' - v))(v' - v) 2 dvdv t dcr 



+ ^3,2 



Setting k = t^^A and writing 



we have 



v' - v = i|v - v,|(cr - (cr ■ k)k) + i((cr • k) - l)(v - v.), 
#3,1 = \ JJJ B f, HtghfyvWyjXx, v) ■ (v - v.) ( cos 6 - l)dvdv t do- 



because it follows from the symmetry that J ssl b(cr ■ k)(cr - (cr ■ k)k)ofcr = 0. Therefore, for any < s' < s 
satisfying y + 2s' < -3/2 we have, in view of ( 14.111 ), 

l^3.il< J ( j |v-v t | 2( ^» t ) 1/2 ( J _ J^ 2s ,_ ly d V ,) m \W^-ig\\h\dv 

s'+y/2 

by means of | V,,(W^/)(;e, v)| < W v j-\. The better bound holds for since it follows from ( 14. 1 3b that 
l(VX,,)(v + t(v' - v))(v' - vf\ < <v») l?+|f - 21 W^ 2 2 \v - v*| 2 • 

Therefore we have 

r+y/2 s+y/1 

Summing up above estimates we obtain the conclusion. □ 
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4.2. Proofs of the uniqueness Theorems. Using the notations introduced in subsection ??, the proof of The- 
orem |4.1| is reduced to 

Proposition 4.10. Assume thatO < s < 1 andmax(-3, -3/2-2*) < y < 2-2*. Let £ > 3/2+max{l, (y+2s) + ] 
and go e L°°(R^; L^(Rj)). Suppose that the Cauchy problem ( 14.3b admits two solutions 

gu g 2 6 L ra ([0,r]xR^ fl»(^)) . 

r/ie« = §2 '« [0, r], 

1) ifm = 2s and gi > 0. When y > -3/2, we can suppose g x e L°°([0, T] X Rj ; //^(R^)). 

2) j/m = * and the coercivity inequality ( 14. U is satisfied for f — p K {t)g\ > 0. 

3) i/m = * and f — [X K (i)g\ satisfies the following strong coercivity estimate 

(4.15) -(Q(f(t),h),h) L2m >c Q j \\W\^dx-Q\hf ff(f&I? 

Proof Let S(t) e Cg°(R) satisfy < S < 1 and 

S( T ) = 1, |r| < 1 ; S(t) = 0, |t] > 2. 
Set S N (D X ) = S (2- 2N \D x \ 2 ) and multiply W v jS NiD^W^g to d4~4l where we choose £ a such that 

4 -max{l, (y + 2*) + ) >£> or> 3/2. 
Integrating and letting N — > oo, we have 

—IIW^OII^) + idlw^i^Olfe^ = {w.jr'igu g) + w,,,r'fe g 2 ) , ^4 2(R6) 

- (v • V x (^ _1 )W/g, W^ig)^^), 

because (v • V X S N(D x )W ip jg, S siP^W^jg)^^ = 0. The second term on the right hand side is estimated by 
H^,/gll2,2 (R 6) because of ( 14.1 11 1. Write the first term on the right hand side as 

(P(gu Wyjg) , w,jg) L2(R6) + (w.jr'igu g) - r% 1; Wyjg) , w, Jg ) L2(m 

+ ( P(g, g 2 ) , Wy,i W v ,,g) L2(m = B l+ S 2 + Bi. 
If gi > then it follows from Lemma l4~6l that 

(4.16) Si < -i J D(M K g u W v ,,g)dx 
+ Cmin(||g 1 || L » (L:) (ll^l| (H , ;) + \\Wyjg\\ 2 LliL ^ /2) ) , Hgill^/jllW^II^^J . 



We notice that the last term can be replaced by llgill^^jllW^/gll^, , if y > -3/2. By means of Lemma |4~9 

A s+y/2' 

we obtain for any 5 > 

(4.17) \S 2 \ <dj DQi K \gi\ , W Vt ig)dx + Cjllgill^^^jlll^ll^^ll^ll^^) . 
Lemma |4~71 with t = i - y/2 implies that for m — s, 

(4.18) \s 3 \ < f IIWglb(R3)llg2llH r » , ^ m \\^W v iW Vtl g\\ H ™dx 

because (x)~ a < W^ a and (x) a (v)~ l W 9 . i is a bounded operator on H s m . Note that for any 5 > 

g(t)\\ 2 L2m < 5\\W^ M g(t)\\ 2 L2m + Q||W^^(/)II^ 2(R6) • 
If g\ , gi e S 2s ([0, T] x R 6 ) and g\ > then by summing up d4.161 l. (14.17b and (14.18b with m = s we have 

|llwvs(0lk (R6) < c, (llgill^) + llftlli t - tH ^ / ^ ) )llw^ l gWlg ?(R , ) , 
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where ||^i||l»(h 21 ) can be replaced by ||^i||l~(l 2 ) if T > -3/2. Here it should be noted that the term !D(p K g\, W^jg) > 
follows from the non-negativity of g\. Therefore, IIW^/.sKO)!!^,^) = implies ||W^/g(f)llz2(R<>) - f° r a ll 
t 6 [0, T], And this gives gi = g 2 , and concludes the part 1) of Proposition l4.10l 

For the part 2) of Proposition l4~T0l using \\h\\ 2 , < 6\\h\\ 2 + C s \\h\P 2 and summing up ( 14.161 ( 14.171 ) and 

H ?n yr- L m 

( 14.181 ) with m — 0, we have 

j t \\W^ig(i)\\ 2 L2m < -^( J mi(t),W^jg(t))dx + K\\W^ + ig(t)\\% m ) 

+ + H^II^(^ y/2+(2 , +y)+) ) llw v ,^(0lli i( ^ /2) 

+ Q^llgilk-^-D*) + ll^2llL»(H f '_ r/2+(2i+r)t )) WW^jgiOWl^, 

then the coercivity condition ( |4.1K with (y/2 + s) + < 1) together with ( 12.12b leads us to 
(4.19) j t \\W,, l8 (t)fv m Z (llStll^-^ + W82hz^ m+) ) \\W vJ g®\\ 



2 

(R. 6 ) • 



where it should be noted that ( 12.121 ) holds with /i 1 ^ 2 replaced by fX K (t, v). Thus, the part 2) of Proposition 14. 101 
is proved. 

When gi is not necessarily non-negative, by using Lemma |431 we obtain 



Si < {Q(^guW^g) , W^g) L2m + 6 Jd(ji k \ gl \ , W vJ g)dx + C s \\W^g\\ 2 m ^ /2) 
instead of ( 14.16b . Since Lemma |2. 12l holds with yfjl replaced by fi K , by means of ( 14.151 ) we get 
(4.20) Si < -(c () - 6) f |||W^)|||J dx + C d \\W vJ g\\ 2 . 

J ' ,A (i+y/2)+' 

This estimate and ( 14.181 ), together with ( 14.17b applied by Lemma 12.121 imply J4. 19b . Hence the part 3) of 
Proposition ^. lOl is also proved. □ 

Proof of Theorem|43]: 

If we set gj(t) = [T l l 2 fj{t) (j =1,2) and g = gi - g 2 , then we have 

gt + v ■ V x g = T(gi , g) + V(g, g 2 ), 
g\t=a = 0, 

where T{g,h) = fi^ l/2 Q(fj. 1 ^ 2 g,fi l ^ 2 h). Take the inner product with W^/S wiD^W^^g where we choose I, a 
such that (\ - (y + 2s) > t > a > 3/2. Then we obtain 

—iiw^wii^,) = {w^ngu g ) + w^rig, g2 ) , w^ g ) L2m 

- (v • VxiV^Wtg, W v ,tg)i?QP)> 

where the second term on the right hand side is estimated by || W^/gH^^ because of ( 14.11b . We write the first 
term on the right hand side as 

(rfei. w^g),w^g) L2m + s 2 + s 3 , 

where £ 2 ,&3 are defined by the same way as the above < B 2 , < B^ with F' replaced by F and satisfy the similar 
estimates as ( 14.171 ) and ( 14.181 ). respectively, that is, 

\^Z\\g2\\L Z( H lr ^^ 

< \\82\\LZ<,Hi 7/2+(2snj+ (6 J \\\W^g\\\ldx + CgW^giy^) , 
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where the non-isotropic norm ||| ■ |||<d is recalled in J2. 10b . By means of Lemma |2.121 we have 

\^\ * SteiWl&BV*-*) J W^tgW^dx + C'^ll^^W^gf^ ■ 

On the other hand, it follows from Proposition 2.1 of Q and ( 14.101 ) that for suitable C\,C 2 > we have 
(4.21) (T(g u W^g) , W,, tg ) L2(m = -(X, (W v , ( g) , W,, { g) mm + (T(g u W^g) , WW) i2(R6) 
< -Ci J \\\W^g\\\ldx 
+ C 2 (( sup |||i|| l2(r;) ) f W^ldx+W^gfvgis), 



[0,T] XR; 

where g\ = yfji + g\ . Therefore, (12.111 ) and the smallness condition ( 14.2b imply 

—\\W.„Mi\" 2 
dt 



-\\W^g(t)\\l2 m 



< -(d - C 2 So - <5(INIl»(//<--, )+) + \\g2\\L Z (H> +2styl2 ))) J \\\W^g\\\ldx 
+ C S (llgl 11^(^1)+) + \\g2\\L Z (H kls+7l2 )) \\W^g(t)\\ 2 L 2 (R ey 

which shows g(t) = for all t e [0, T] if eq < C\/C 2 . Thus we have proved Theorem |4.3l 
Proof of Theorem [4741 

Let now fj(t) e S s ([0, T] x R£ v ), (J = 1,2) and set gj (t) = p K {ty x fj(f) for a suitable fjt K (t) = e -<P-«)(i+M 2 ). 
Then we have for any £ e N 

gj(t) e L°°([0, T] x R^; L](B*)) n L 2 ([0, r];L° 3 (R^; ff^(R^))). 



The proof of Theorem |4.4| is reduced to 

Proposition 4.11. Assume that < 5 < 1 and max{-3, -3/2 - 2s) < y < -2s. Let < T < +oo and i 2 > 3. 
Suppose that the Cauchy problem ( 14.3b admits two solutions 

g u g2 e L M ([0,r] xRj; Ll^n^aO.n^^CR^^CR^))). 

7/ ( 14.151 ) « satisfied for f = fX K (t)g\ then g x (t) = g 2 {t) for all t e [0, T] . 

Proof. Noting y + 2s < 0, we estimate more carefully S2, S3 in the proof of Proposition [47T0] It follows from 
Lemma |4~9l and Lemma [2.12| that 

\s 2 \<6 J ||[^|||o 7 ^ + Q|| §1 (f)llL ? (^)l|W^(f)l^ (R6) . 

Lemma [4771 with t - I - y/2 and m = yields 

< tflll^tf (01^) + C 5 || §2 (0II^ (h;+m/2) II^ ; ^(0II^ (r6) . 
Above estimates for S/ (7 = 2, 3) and ( 14.20b imply that 

max \\W v , lg {t)f L2m < \\W,jg(0)\\l HR6) + £ (7*i) max HW^WH^j , 

where 

8(7*1) < + 7*1 llr^dftni^s-CH-)) + l^lliWiWC*^,))- 

By assumption e(Ti) — > as T\ — > 0. Therefore there exists a T, > such that g(f) = for t e [0, 7*,]. 
Replacing the initial time by T* if needed, we finally obtain g(t) = for t e [0, T]. a 
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4.3. Uniqueness of known solutions. Firstly we consider the uniqueness of global solutions given in |[9l [T0l . 
Theorem |4.3| is applicable to show the uniqueness of global solutions in Theorem 1.5 of J9), and also solutions 
in Theorem 1.1 of IfTUl because the global solutions given there are of the form p + fag with 

f(f, x, v) e L°°([0, oo[; <H™(R 6 )) 

for m > 6 and a suitable t. It should be noted that the uniqueness holds under the smallness condition ( 14.21 ) of 
the perturbation g , without the non-negativity of solution p + p l ^ 2 g. 

It follows from Corollary 12 . 1 5 1 that the smallness condition ( 14.21 ) implies ( 14.15b for the global solution given 
in Theorem 1.4 of l£), because g there satisfies \\g Hl»([0oo)-h 3 (eJ-l 2 (r5)) < e o and for any < T < +oo 



[ (Z f \\\ d 7g(t,x)\\\i 7 dx)dt 



< +oo . 

|«|<3 " 

Therefore Theorem 14.41 shows the uniqueness of the solution given in Theorem 1 .4 of |9j] by means of the 
Sobolev embedding. 

In ifTTl . bounded solutions of the Boltzmann equation in the whole space have been constructed without 
specifying any limit behaviors at the spatial infinity and without assuming the smallness condition on initial 
data. More precisely, it has been shown that if the initial data is non-negative and belongs to a uniformly local 
Sobolev space with the Maxwellian decay property in the velocity variable, then the Cauchy problem of the 
Boltzmann equation possesses a non-negative local solution in the same function space, both for the cutoff and 
non-cutoff collision cross section with mild singularity. Since solutions there are non-negative and belong to 
S Zs {[0, T] x R 6 K ,,), Theorem l4. ll vields their uniqueness. 

5. Non-negativity of solutions 

The purpose of this section is to show the non-negativity of solutions constructed in |9] [Toll , where the 
solution / = p + fag is a perturbation around a normalized Maxwellian distribution p(v), that means g is 
solution of following Cauchy problem : 

d,g + v ■ V x g+X(g) = T(g,g), 
g\t=o = go . 



(5.1) 
where 



£(g) = ~n fag) - T(g, fa) = £i(g) + £ 2 (g). 
It is the limit of a sequence constructed successively by the following linear Cauchy problem, 

« 9 x / dtf" +l +v ■ V,/ fl+1 =G(/",/" +1 ), 

(5 } i r +l i,wo=^v /2 so>o, 

if one returns to the original Boltzmann equation. Hence the non-negativity of solution comes from the follow- 
ing induction argument: Let f° = fo = fi + H l ' 2 go > 0, suppose that 

(5.3) f^^ + ^f>Q, 
for some n e N. Then ( 15.31 ) is true for n + 1 . 

Proposition 5.1. Assume that max{-3, —4 - 2s) < y < 2 - 2s. Let {/"} is a sequence of solutions of Cauchy 
problem ( 15.2b with 

3p>0; e p(v)2 f(t,x,v) e L°°([0,T] xR^ff^)) for V« = 1, 2, 3, ■ ■ ■ , 
for some N > 4. Then for any n € N, f" > on [0, T] implies f" +1 > on the same interval. 

Proof. Taking a k > such that £ > T, we set g"(t, x, v) = p K (yY l f n (t, x, v) with p K (t) = e - &>-*f)<v> 2 t h en it 
follows from ( 15.21 ) that 

(5.4) d tg " +l + v ■ v. xg " +l + K{v) 2 g n+l = r'(g", g n+l ) . 

We notice that for any t e N 

g" eL°°([0,T]xRl;H?(Rl)) 
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so that sup, x |||g"|||o y < °o. If g satisfies |||g||| < oo and if g ± — + max(+g, 0), then we have 

\\\g + \\\l r + \\\g-\\\l r <\\\g\\\l 7 , 

because 

l?=fff B fl *((g' + +g'J-(g + +g-)f 

=\\\g + \\\l y + \\\g-\\\l y -2 jfj b(co S e)®Qv-v*\){**(g' + g- + g + g'-) 

and the third term is non-negative. Therefore g"_ e Lf K (H s e (E?)). Take the convex function B(s) = j(s~) 2 = 
with s~ = min{s,0}. Let ip(v, x) = (1 + |v| 2 + |x| 2 )°'^ 2 with a > 3/2, and notice that 

B s {g n+l )ip{v,x)- 2 = ^r'¥v,ir 2 ^" + V(v,ir 2 e L"([0,T];L l (Rl;L 2 (Bl)), 

because g" +l e Lf(H N (R 6 )) with N > 4- implies g" +l e L?JJ%). Multiplying (Ell by B s (g n+1 )(p(v, xy 2 
= g" +1 i/>(i', x)~ 2 we have 



^ f 8(g" +1 Mv,xy 2 dxdv + K f (v) 
at Jr6 Jro 



} 2 B(g n+1 )(p(v,x)- 2 dxdv 

JR 6 

= f r'(g",^ +1 )^(^ +1 )^(v^)- 2 ^v 

Jr 6 

- f v ■ V. r (B(g" +l )ip(v,x)- 2 )dxdv- f (tp(v,x) 2 v ■ V x y(v,x)- 2 ) B(g n+1 )<p(v, X y 2 dxdv, 
Jr 6 Jr 6 

where the first term on the right hand side is well defined because g n+ € L ( °° c (// f ! ). Since the second term 
vanishes and |v ■ V A . ip(v, x)~ 2 \ < Cip(v,xy 2 , we obtain 

(5.5) ^ f B(g n+l )ip(v,x)- 2 dxdv + K \ (v) 2 p(g n+1 )<p(v,x)- 2 dxdv 

Ut Jr6 Jg6 

< f r'(g'\g n+1 w.g" +1 Mv,xy 2 dxdv + c f B( g n+l Mv,xy 2 dxdv. 

Jr 6 Jrs 
The first term on the right hand side is equal to 

rvv- + V + V(v,*rWv + JJU B f i K Ag:r(gT 1 yg" +1 <p(v,xy 2 dvdv t d ( Tdx 

= Ai+A 2 . 

From the induction hypothesis, the second term Ao is non-positive. 
On the other hand, we have 

M = J (r'(g",g'i +1 ),^(v,x)-V' +1 )L 2( Rj)^ 
= j (r\g\ V (v,xy x g n y\ip{v,xy l g n y\ 1{n) dx 
+ j ^(v,xy'Y\g'\g n y l ) - Y\g\ V (v,xy l g n y l ),^v,xy l g'i + \^ ) dx. 

= M,i +M,2- 

It follows from Lemma l4~6l that 

A u <-\ j DQ*fMv,xT 1 gF 1 )dx + Qlgr\\^Ti*>wf Mv,xy x g^%^ dx. 
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By means of Lemma |4.9| we have 

\A li2 \<6 j (£>(M^ n ^(v^)-V- +1 )^ + ll^llL»ao,7']xR3^)/ Mv,xrY+%^ /2 dx) 
+ C s \\g"\\ L ^ [0 j ]xRl , HS) J \\ip(v,xy x g"_ + %dx. 



Therefore 



Ai < ll^ll^( [0 ,r]xR^) f Mv,x)- l g»+% dx, 



where we have used the fact that < D(pL K g", tp(v, x) l g"_ +l ) > because of the induction hypothesis p K g" = f > 0. 
If j + 2s < 2 then we have 



'j+7/2 

Therefore, from (15.5b we have 



||^(v,xr 1 g- +1 ll£2 dx<8 \ (v} 2 f3(g n+1 )<p(v,xy 2 dxdv + C s \ /3{g n+l )y{v,x)- 2 dxdv. 



(5.6) ^ f P{g n ^)ip{v,x)- 2 dxdv<(\+\\g'X^ m] y.^ H^ f P(g n+X Mv,x)- 2 dxdv. 

Since fJ(g" +l )\,=o = we obtain ] R6 /?(g n+1 )^(v, x)~ 2 dxdv = for all t e [0, T], which implies that g" +1 (t, x, v) > 
for (t, x, v) € [0, T] x R 6 . This implies that f" +l > and then it completes the proof of the proposition. □ 

Proposition 5.2. Assume that y > 2 - 2s. Let [f] with f = fi + p'-g" be sequence of solutions of Cauchy 
problem ( 15.2b with supj 07 -j XR 3 |||g"|||<i>„ being sufficiently small uniform in n. If 

e^ v)2 f"(t, x, v) € L°°([0, T] x R 3 X ; H N (R 3 V )) for Sn = 1,2, 3, • • • , 

for some N > 4, then for any n 6 N, f > on [0, T] implies f" +1 > on the same interval. 

Proof. This case can be treated by the same way as the proof of Theorem l4.3l In fact, if we put g" = pT l ^ 2 f", 
then we have 

— f P(g n ^)(p(v,x)- 2 dxdv 



dt 



IV, g" +1 )Ps(g" +1 )<p(v, x)- 2 dxdv + C p(g n+1 Mv, xT 2 dxdv 



instead of (15.5b . We need to estimate \ and A\£ defined by replacing V by F in above Ai j and A\^- By the 
same way as in ( 14.21b we have for suitable Ci, Cz > 

A u <-Ci J mv,xT l g n ^\t % dx 

+ c 2 (( sup mriiioj f iii^(v,xry_ +i n|2^x+ f iwv,xrv +i ii^). 

It follows from Lemma |4~9l and Lemma [2.12l that 

\m, 2 \<5{\+ sup nrib) fiiwv,xrvi +1 iiio^ 

[0,T]xRl J 

+ C s \\g"\\ L ^ l0J]xR i ;HS) j \\<p{v,x)- l g n + l \\ 2 L2 dx. 

If lll^"lllo y is sufficiently small, then both estimates lead us to ( 15.6b . Hence we have f" +l > and then it 
completes the proof of the proposition. □ 

Completion of the proof of Theorem 1 1.31 

We recall now the existence and convergence of the sequence {§"} constructed in |9][10] for different cases 
of index : 
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The hard potential case y+2s > 0. (Theorem 1.1 of KT0l)Letgn e E\ (R 6 ) for some k > 6, € > 3 /2+2s+y. 
There exists £o > 0, such that if Hgoll// 1 Qp) < £o> then the sequence {g"} converges in L°°([0, +oo[ ; fl* (R 6 )) to 
a global solution § with ||tll L » ao ,+o [;fl* » 6 )) ^ Ce o- 

The soft potential case y + 2s < 0. (Theorem 1.5 of J9]) Assume y > max{-3,-| - 2s). Let go e 
*H^(R 6 ) for some k > 6. There exits so > such that if II^oII<h*(R 6 ) - e 0' trien the sequence {§"} converges 
in L°°([0, +oo[ ; < J-(k(R 6 )) to a global solution g. Remark that the approximate sequence \g"} is convergent in 
L°°([0, r];//*(R 6 )). 

So in both cases, the sequence f" = fx + H l ' 2 g n satisfies the conditions of Propositions 15. II and 15.21 with 
N = k — 2, which implies that the limit / = p + fi l ^ 2 g > 0. We have proved Theorem ll.3l 

6. Convergence to the equilibrium state 

In this section, the convergence rates of the solutions to the equilibrium will be discussed for both the soft 
and hard potentials. Precisely, for the hard potential, the optimal convergence rates in the Sobolev space can 
be obtained by combining the energy estimates proven previously and the LP - L q estimate on the solution 
operator of the linearized equation. Such LP - L q estimate can be obtained either by spectrum analysis |35l or 
by using the compensating functions introduced by Kawashima (27). On the other hand, for soft potential, the 
convergence rate presented here is solely based on the energy estimate and is not optimal. 

6.1. Hard potential. In this subsection, we will combine the compensating function and the energy estimate 
to obtain the optimal convergence rate for the hard potential case y + 2s > 0, that is, the first part of Theorem 
11.41 Note that the decay estimate in the theorem can be generalized to the case when the initial lies in Z 9 (R 6 ) 
with 1 < q < 2, where Z 9 (R 6 ) = Z/?(Rj; L 2 V (R 3 )). 

The compensating function is useful in deriving LP - L q estimates for linear dissipative kinetic equations in 
the form of 

(6.1) g t + v- V x g+£g = h, 

where h is a given function and X. is the linearized Boltzmann collision operator. 

Let us now recall the definition of compensating function introduced by Kawashima 11271 . 

Definition 6.1. S(a>) is called a compensating function if it has the following properties: 

(i) S(-) is C°° on SS 2 ( the unit sphere in R 3 J with values in the space of bounded linear operators on L 2 (R 3 ), 
and S (— io) — —S (of) for all a> € S S 2 . 

( ii) iS (a>) is self-adjoint on L 2 (M?)for all oj e SS 2 . 

(Hi) There exist constants A > and cq > such that for all g 6 L 2 (R 3 ) and oj 6 SS 2 , 

(6.2) Re(S(co)(v ■ aj)g,g) Lml) + tfg.g)^ > c (||Pf + Hid - Dslll 2 ). 

The construction of S(oS) was given in 1271 . but for completeness and the convenience of the readers, we 
recall some basic derivation and estimates. 

Let *W be the subspace spanned by the thirteen moments containing the null space N of _£ and the images 
of N under the mappings g(y) i-» Vjg(v) (j = 1, 2, 3) denoted by: 

•W = spangly = 1,2, •■ ■ ,13). 

Here, the orthonormal set of functions e ,■ is given by 

e\=yfl, ei+i=vtfiK i= 1,2,3, e 5 = ^=(|v| 2 — 3)/^2 s 

V6 

and 

3 

e ;'+ 4 = y%v*-D/i*J = 2,3 

e 8 = V1V3//2, e 9 =v 2 v 3 fi 1 , ei = v 3 vi/i5 ) 
1 , 

e ;+ io = -^(|v| 2 -5)v,^5, 1 = 1,2,3, 
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where the constant vectors c, = (c,i,c;2, eg), i = 2, 3 together with ci = (-^=, -^=, 4=) form an orthonormal 
basis ofR 3 . 

Let Po be the orthogonal projection from L 2 (R 3 ,) onto 'W, that is, 

13 
k=\ 

Set W k = (f,e k ), k = 1,2,- ■■ ,13, and W = [W u Wi 3 ] r . For later use, set W/ = [Wi, W 5 ] T , and 
W// = [W 6 , W n ] T - Then we have 

d,W + ^ W + LW = X + 

7 

where V 7 ' (j = 1, 2, 3) and L are the symmetric matrices defined by 

L = {U>,, e t ) L 2 (R;) }[ 3 /=1 , V- 7 = {(vje k , e;) L 2 (R?) }[ 3 ;=1 , 

and h = [Qi, ei) L 2 (R 3), {h, en)^^] 7 . Here R denotes the remaining term which contains the factor (I - Po)g. 
Straightforward calculation gives 

3 



"«>-5>'6-(!£ £). 

7=1 N ' 



with 



and 



ViiCft = V 12 (ft 7 





ft ft 


ft o < 




ft 





aift 




ft 





aift 




ft 





aift 




lo 


Gift fllft 


. aift J 






'0 fl 2 ift 


«22ft «23ft 


1 




fl 3 lft 


«32ft fl33ft 







ft 


ft 





r _ 





ft ft 







ft 


ft 













04ft 










«4ft 




,0 





a<tftJ 


1,2, 


3, and a\ = 


jf . By setting 


7=1 x ' 





with 

/* ft £ 2 ft o\ 

-ft 

#n = -ft . 

-ft 

,0 0, 

It was shown in [27 1 that there exist positive constants c\ and C2 such that 



fle<i?(cj)V(w)W, W) > ci\WA 2 - c 2 Y \ w n\ 2 > 



k=2 



for any u> e SS 2 with the constant o- suitably chosen. Here (•, •) represents the standard inner product in 1 
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Hence, a compensating function S(oj) can be defined as follows. For any given a> e SS 2 , set R(u>) = 
{rij{aS)} A i j=x and let 

4 

S(co)g = J] Ar k€ (aS)(g, ed^fu, f e L 2 (R 3 ). 
*/=] 

When the parameter A > is chosen small enough, it was shown in 11271 that the estimate ( 16.21 holds because 
of the dissipation of X. on the space N x . 

To obtain the LP - L q estimate, by taking the Fourier transform in the variable x, the equation ( 16. U yields 

(6.3) g, + i|f|(v • w)g + £g = h, 

where a> = A. Take the inner product of ( 16. 3t with ((1 + |£| 2 ) - ii<S((D))g and use the properties of the 
compensating function, to get 

(d + Ifftlltll^ - «l?l(iS(a»)|,® ilff 3))« + *o((l + l^l 2 )lll(I - P)f III 2 + KfllPSII^) 



which implies that 



If 1 2 

£(£), + 5 0T ^£(t) < C||/ 2 || 2 2(R 3 r 



where 



1+lfl 

2 Ifl 2 

= lllll^) -*Y7||2(»(w)l.^)i?(«) ~ lltll^). 

when a: is chosen to be small. And this estimate yields 

2 S \£\ 2 \t , f £ |£| 2 |(r- s) - , 

(6-4) UgU 2 ^ < Cexpi-^Woll 2 ^, + C J o exp{- °-ff^ 2 ' WH^Ws. 

Based on ( 16.41 ). we have the following LP - LP estimate on the solution operator of ( 16.11 ) obtained in 11271 . 

Lemma 6.2. Lef k > k\ > ant/ N > 4. Assume that 
(0 go e H N (R 6 ) n Z ? , 
(»')fteC ([0,oo[;H iV nZ ? ), 

O'z'O P/?(f, v) = Ofor all (t, x, v) e [0, oo) x R 3 x R 3 . 

(iv) g(f, *, v) 6 C°([0, oo[; H N (R 6 )) n C^fO, oo[; H N -\R 6 )) is a solution of doTTI). 
77ien we /zave 

||V^|| 2 2(R6) < C(l + f)- 2(r -(||V^„|| Zf((R6) + ||V^olb (R6) ) 2 

+ f (l+f-^-^CIIV^IIz^ + IIV^Ib^)) 2 ^, (2.11) 
Jo 

/or any integer m — k — k\ > 0, w/zere g G [1,2] anof 

3/1 1 \ m 

We now recall the energy estimates obtained for the global existence of solutions for the hard potential in 
[ 10|. Firstly, we have when N >6 and I > 3/2 + 2s + y, 

d 

— 6 + D < 0, 
dt 

where 6 = llgll* W(R6) and D = \\V x Pg\\ 2 HN _ 1(g6) + |||(I - P)#l 11^,6) ■ We claim ^ the following energy estimate 
also holds 

(6.5) ^£ 1+ D<C||V,Pg[| 2 ?(R6) , 
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where <5i = l|V A -P,g|| 2 ^ 6 + ||(I - P)gl| 2 «,„ 6 ,- In fact, for the energy estimate on the macroscopic component 

ti [K. ) ti i (JR. ) 

of the solution, by Lemma 4.4 of iflOl and by taking the sum over 1 < |a| < N — 1, we have 

(6.6) HV^II^-. (R 3) Z~j t J] V * 5> ' ~ b ' c))i2 « + V ^ fl W^)} 

l<\a\<N-i 
+ 11^211^3^^ + 6^, 

where we use the same notations used in fTOll except that we replace £auAv,o by S?D in an obvious way. 

On the other hand, for the energy estimate on the microscopic component without weight, one can follow 
the proof of Lemma 4.5 in jTOl except for a — 0, we take the L 2 (K.^ i>) inner product of ( 16.11 ) with (I - P)g = g2 
to have 

f t \\82\\ 2 L2(Riv) + W\82\\\ 2 Km < IIV^Psll^j +&D. 
This together with the estimate given in Lemma 4.5 of IfTUl for 1 < \a\ < N gives 

(6.7) J.(\\82\\ 2 LHR(ir) + llVrfll^^) + \\\gi\\L m + 2 HI^IIlL^ < l|V,Pg|| 2 + S*D. 

l<\a\<N 



Moreover, for t > and /3 + 0, (4. 10) in AD gives 

d_ 
dt 



jW ( d; g2 \\l 2{R6) + \\W e d; 82 \\ K 



2 1/2 

(6.8) < \\g2\\ HN ^ L 2 9Ji)) + & N/ ®N,e 



■a<>liv»?i||^ lff?) + J] \\d$,g2\\%>. 



|«'|=W+1,IS'|=18|-1 

Here So > is a small constant. By using induction on |/3| and |a| + |/3|, a suitable linear combination of ( 16.61 ), 
( 16.7b and (16.8b gives ( 16.5b for sufficiently small S. 

In the following, we also need some LP estimate on the nonlinear collision operator. Recall that Lemma l4~7 
implies that 

I in/, g)\\ L HRi) ^ II/IL 2 (r3)HsIIh;% + (R?)- 
Hence, by using the fact that N > 6 and I > 3/2 + 2s + y, Sobolev imbedding implies 

Wig, g)\\ 2 mu + WJXg, 8 )\\ 2 L2(Ri ) < S 2 < 6,6 + l|PgH 4 L2(R , t) , 

W{g,g)f Zl < 6i6 + HP^ 2(RS>) . 



Define 



M(0 = sup{(l + s)i6i(j)}, M (0 = sup{(l + 5)i||g(j)||2 « 

0<J<( ()<.!</ * 



Then by the Z/ - L q estimate, we have 

w*g{t)t m%) < (l+tr^iw^ + iivrfoii^) 

+ f (i + f-^)^(l|rte^)|| Zl(R6) + ||v. v rfeg)ib (Rti) ) 2 ^ 

Jo 

< /7(l + f)" § + J (l + 1- *) _ *(66i + llPgll*,^)^* 

< 77(1 +5M(/) r (i+/-5)"5(i+ S )-idi 

Jo 

+m 2 (o f (i + ?-i)-i(i + ir 3 d5 

Jo 

< 7/(1 + ry-i + 5(1 + r) _ §M(f) + (1 + _ iMg(0, 

where 77 = Hgoll 2 , n^-, + HgollLv,,,^- Here, we use 6 > to denote the upper bound of 6 for all time. 

Z.\ (IK ) /i^ (Jr. ) 
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Thus, we have 



r 

2/ 



< <fe~' + 77(1 + f)~ + 6(1 + i)~M(t) + (1 + tyiMl(t), 
that is, 

MO) < (6 + 77) + £M(r) + Ml(t). 
By applying the LP - L q estimate again, we have 

+ f (i + 1 - srhw{g,g)\\ Zim + \\r(g,g)\\ L 2 iR t, v) ) 2 (s)ds 

Jo 



Jo 



(1 + t - sTHGSi + \\Pg\\ 4 mR% J(s)ds 

< 77(1 + ty 1 * + 6{i + ty^M{t) + (1 + ty^Mlit). 



Hence, 



M (t) < 77 + 6M(t) + M 2 Q (t) 
< {rj + 6) + M 2 {t). 

By assumption, 77 + 6 is small. The above estimate and the continuity argument give Mo(f) < C n ,g, and then 
M(f) < C Vi s, where C, h s and C, h s are two constants depending on 77 and 6 only. This completes the proof of the 
first part in Theorem ll.4l 



6.2. Soft Potential. Finally, in this subsection, we will prove the second part of Theorem 11. 41 1 for the soft 
potential case, that is, when 2s + y < 0. 

As for the case with angular cutoff, here we need to apply the following basic inequality from lfT31 . 

Lemma 6.3. Let /(f) e C'([fo, 00)) such that /(f) > 0, A = I f(t)dt < +00 and /'(f) < a(f)f(t)for all t > t . 

J t 

y^OO 

Here a(t) > 0, B = I a(t)dt < +00. Then 

J t 

f,« , (fo/ao) + l)exp(A + j B)-l 

/(f) < , for all t > to- 

Now it remains to find the appropriate functionals /(f) and a(t) that satisfy the above differential inequality. 
First of all, the basic energy estimate derived in (9) for the global existence is 

d 

—&n,c + cqDnj < 0, 
dt 



where cq > is a constant. Here, 

M «f(R 6 )' 



&N,C ~ 11^11^3) + fell 

T> m = \\V X M 2 H »-, m + \\g2\L, 



and 



) = {g e S'(R 6 ); \\g\\ 2 = J] f d%g(x, ■ )\f % dx < +00} . 



\a\+\p\<N 



Later we introduce another functional &N-\,e-\ that has the following property 



(6.9) ~ ||V,y[||^_ 2(R3) + \\V x g 2 \\ 2 



Clearly, by the property of the ||| ■ |||, &N-\,e-\ D/v/ so that &M-i,e-i(t)dt < °o. Note that this functional 
contains spatial differentiation of at least one order, and the maximum order of differentiation is N - 1 . The 
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reason for this is to have the time integrability of the functional coming from the dissipation effect. And the 
functional excludes the A^-th order differentiation because we need to estimate the term like 



f 



where 

^(R 6 ) = [g e S'(R 6 ); \\g\\ 2 XNm = X f \W: 8 \\\ldx < +<4 

\a\<N 

Hence, since the maximum order of differentiation is N, the above estimate requires that \a\ < N - 1. 

We now construct &^-i,c-\ following the argument used in Lemma 6.3, Lemma 6.4 and (6.15) in J9)- Firstly, 
by taking 1 < \a\ < N - 2 in Lemma 6.3 of J9], we have 

(6.10) \\V x d a M 2 LHRi) < - j ( {(d a r, V x d a (a, -b, c)) mi) + (3 a b, V x 8 a a)^ 

+ HV^II^-.^dlV^H^^ + \\82\\% m ), 

where 

N -i= Yj 11^^11^^ + II V^ 2 ||^_ 2 . 

\<a<N-2 

Note that ZV_i is different from Dm-x defined in J9). In particular, in the usual dissipation terms 

||V x yi||^ 3 and ||g 2 ||? 2 ,,, 6 , are not included. And this is also why there is the last term on the right hand side of 
(Ool i. 

Next, following the argument used for Lemma 6.4 in (9], we can derive 

Q<\a\<N-2 

where 6 N = Zo<|«|<w-i ll^ll^ (R6) andS^-i = Ei<|«|<jv-2 ll^ll^^)- 

Finally, corresponding to the weighted estimate (6.15) in (5), one can show that for \a\ > 1 and \/3\ > 1 with 
\a+/3\ <N - 1, it holds 

^(ll^2ll^»«) + W* r > v * 5 >> -b, c)) ml) + {&*b, V x dfa) L ^ 
+ c || \\\%-i-^g2\\\<b y 

+ 2 II \\\w e ->-w- l) d^: 82 \u r w 2 ^ + 5 ||v^ 2 |||,_ 1(R6) 

|a'|=M+l,lB'|=|/?|-l ' 

+ HV^II^-.^OIV^II^^) + \\82\\ 2 L2m ), 
where 5q > is a small constant, and 



X<\a\<N-2 

Here, we have used the assumption that ( — 1 > iV. 

Now we can define the functional S^-ie-i as follows: 



6jv-i + ci J] {(3V, V,d>, -6, c)) L2(R?) + (S ff £, V^a)^} 



l<|ar|5Af-2 



+ 2 c^(||^ 2 || L : _ _ h(r6) + (d a r, V x d a (a, -b, c)) LHRi) + (3 a b, V x d a a) LHRl) ), 

\a\,\p\>l,\a+0\<N-\ 
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where c\ > and c a $ > are small constants which can be chosen so that &nj-\ satisfies ( 16.91 ). It is straight- 
forward to check that by induction on \/3\, we have 

J&N-U-l + tk&m-i < HV^II^ 1(R 3 ) (l|V. v y[||^_ 2(R 3 ) + \\82\\ 2 L 2 m ) 
5 l|V A: jH||^ JV _ 1 , R 3.£iv_i/_i, 

where 770 > is a constant. Here, we have used the fact that &N,e{f) is sufficiently small for all time from the 
global existence. Since 




Lemma 1631 implies that 

&N-u-i <(l + _1 . 

By using the fact that €— \ >N, the Sobolev imbedding theorem implies the decay estimate given in the second 
part of Theorem |1.4| 
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